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MONTE CARLO INVESTIGATION OF TRANSIENT ACOUSTIC FIE IDS 
\ IN PARTIALLY OR COMPLETELY BOUNDED MEDIUM 


ABSTRACT 


This dissertation presents a Monte Carlo 
technique for the determination of the transient radiation 
fields in partially . or completely bounded media. The impetus 
for the selection of this topic is that the analysis of the 
radiation in a partially or completely bounded medium 
presents a problem of common interest in many branches of 
engineering and physicsj yet, at present, no satisfactory 
method is available for its treatment in the general case. 
i > In this dissertation a more general basic 

technique is developed with special emphasis on applications 
to acoustical field solutions. It investigates what happens 
to the field in terms of signal paths of disturbance 
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originating from the energy source, and based on the informa- 
tion so collected reconstructs the field as a function of 
space and time on a statistical basis. For this analysis a 
suitable model is created from which is developed an algorithm 
for the estimation of the acoustic pressure variations, as a 
function of space and time, in the region under investigation. 

The validity of the technique and the 
algorithm thus created is demonstrated with the help of 
simple physical models, analyzed on the digital computer. The 
results obtained from the present work are compared with 
other available analytical data. 

At present, the applicability of the 
proposed Monte Carlo technique is demonstrated when the 
medium, is homogeneous and is enclosed by either rectangular 
or curved boundaries. Possible future developments are 
indicated which would, it is believed, make the Monte Carlo 
method a valuable tool when boundary conditions are complex 
or when the medium is inhomogeneous. 
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Chapter 1 


INTRODUCTION 

A Monte Carlo method is suggested for the 
computation of the time-varying acoustical pressure in a 
wide variety of problems. The more interesting areas in 
which the Monte Carlo method is applicable are the boundary 
value and the initial value problems with linear differential 
equations as the governing equations. 

Broadly speaking the method of determining 
an action at a distance from the source of the radiation 
energy is to construct a field of dynamic and thermodynamic 
quantities and then to study their propagation in the 
supporting medium, which in general absorbs, emits, and 
scatters the radiation. In terms of wave motion the analysis 
of, for example, potential and force fields, electromagnetic 
and gravitational fields has been possible for considerable 
time. An acoustical field is a scalar field of similar nature, 
For the description of the field satisfactory approaches are 
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known when the medium extends to infinity, but not always so 
when it is bounded. The suggested Monte Carlo method is in 
response to the obvious need for a numerical method to 
supplement analytical methods of solution which are only 
valid when the boundaries have simple shapes. An alternative 
method might have been developed from finite element 
techniques, they have already been applied successfully to 
some fluid problems, as suggested by Zienkiewicz (1967) and 
Oden (1969). However, the computer storage requirements for 
such solutions in three dimensions could well be prohibitive, 
and computation times excessive. The Monte Carlo method is 
particularly effective in multidimensional problems. 

The generally known wave motion approach 
that is developed for the description of a field in a bounded 
medium results in a very lengthy exercise of mathematical 
analysis as it involves explicit or implicit integrations 
over a variety of complex surface areas. In contrast, the 
Monte Carlo technique that is developed here calls for very ? 
simple repetitive calculations. It considers the problem 
under investigation as a statistical problem. It investigates 
what happens to the field in terms of the signal paths of 
disturbances originating from the energy source, and based 
on the information so collected reconstructs the field as a 
function of space end time on a statistical basis. 
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The analysis of signal, paths, from viewpoint 
of the Helmholtz wave equation and the Eikonal equation, is 
included in Appendix 1. Chapter 2 pre sents a brief survey of 
the known analytical methods for the description of the 
radiation field, with a highlight on the need for a more 
general numerical approach to supplement them. 

The problem of radiation field in a bounded 
* 

medium is viewed in Chapter 3 on the basis of the statistical ~ 
model; included therein also is a brief description, in 
general terms, of the Monte Carlo method along with its scope 
and limitations. This is followed by a systematic development 
of an algorithm with special emphasis on applications to 
acoustical field solutions. 

The algorithm thus created is verified 
critically in Chapter fy., and is shown to give the known 
results. This establishes the validity of the basic technique 
that is developed. Subsequent is the application of this 
technique in Chapter 5, to a specific physical model consisting 
of a nonconducting, isotropic, homogeneous me dim enclosed by 
rectangular walls. Calculations are presented for a pressure 
field caused by an actuating point source with its strength 
time history characterized by a double rectangular pulse, 
single cycle sinusoidal pulse, and a H-shape pulse. The 
results are grouped in seven different cases for material 
absorption coefficients ranging from zero to one hundred 



k 

percent on different walls, with as many as six different 
receiving points dispersed in the region. 

The Honte Carlo results for Case 1, all 
walls perfectly reflecting, for the single cycle double 
rectangular pulse source strength time history, are shown to 
be in qualitative agreement with those of Mintzer (1950) » 
but the much needed closer quantitative compar ison is not 
possible in this case, mainly, due to the lack of the 
knowledge of the specific normalizing factor utilized in the 
Mintzer *s results. 

With a view of presenting a quantitative 
comp arisen, for the case of perfect reflecting walls with 
sinusoidal shape source strength time history, an analytical 
solution is sought in Chapter 6 in terms of the normal modes 
by the application of the Green’s Function technique. 

The first half of the dissertation , dealing 
with the development of the basic technique and its applica~X 
tions, is restricted to considerations of the transient 
acoustic field in rectangular rooms containing no ’sound 
scattering’ obstacles, having each wall uniform absorption, 
and no absorption in the medium itself . The removal of each 
of these restrictions will require further study; but the 
basic analysis appears to be well adapted for these extensions 
The latter half of the dissertation presents an extension of 
the above technique to problems where the boundaries are 
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nonrect angular. 

In order to adapt the Monte Carlo technique, 
developed in the first 'half of the dissertation, to the cases 
of practical importance where the boundaries are not at right 
angles, certain modifications become essential especially to 
cover such eventualities as the occurrence of possible 
focussing effects, the associated singularities, etc. in the 
region under investigation. Such modifications and the 
extension of the proposed Monte Carlo technique to cover the 
oases of curved boundaries, not necessarily of simple geometric 
shape, are studied in the latter half of the dissertation. 

In view of the particular importance of the 
transmission properties of the axisymraetric duct in engineering 
applications, the concepts that are developed are then applied 
to the prediction of the transient acoustic field caused by a 
sound source inside a cylindrical duct. The results obtained 
by the application of the Monte Carlo technique in this case 
are then compared with those from an analytical solution based 
on the theory east in terms of the normal modes of oscillation 
of the duct. 

A survey of the literature indicates, as a 
common technique, the use of superposition of infinite 
succession of wave motions of monochromatic type, each defined 
by a single frequency of oscillation, in the study of forced 
vibrations and sound propagation inside a circular duct. 
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However, in this dissertation use has been made of somewhat 
different technique in arriving at the analytical results, 
the approach is to utilize the time domain instead of the 
frequency domain to characterize the sound sources as well as 
the field caused by them. If so desired, this time base 
resulting field can always be transformed to the frequency 
base by the use of the Fourier Transforms. 

The problem of computing the effects of 
the propagating signal In a region surrounded by a curved 
boundary is Identified in Chapter 7 and an expression in 
nondimens ional form is presented for a pressure contribution 
at a receiving point that comas under the influence of the 
propagating ray tube that is traced in the Monte Carlo 
processing. 

The process of random selection of the 
source along with the direction of the ray tube, with due 
consideration of the specific directional characteristics of 
any particular source, is considered in the most general- 
terms, with the help of flow diagrams, in Appendix 6. In 
Chapter 8 is presented a detailed discussion of the processing 
of the ray tube, and an algorithm is developed there for 
evaluation of the pressure contribution at a receiving point 
from the ray tube that is under process. Defining a quantity, 
termed as 'equivalent distance as a function of the 
divergence factor of the ray tube cross-sectional area, this 
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modified algorithm for the case of curved boundary is shown 
to be in perfect agreement with that for the case of rectang- 
ular boundary, developed in the earlier portion of the 
dissertation. 

In Chapter 9 the problem of the acoustical 
pressure field Inside a rigid duct of constant radius is 
investigated from the normal mode point of view. 

The results from application of these two 
methods are presented in Chapter 10 for a particular case ' • 
where the emission is from a single point source with a 
single cycle sinusoidal shape strength time history. This is 
followed in Chapter 11 by a general discussion of the 
developments of the Monte Carlo method. 
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Chapter 2 >• 

RADIATION FIELD 

The sound generated at a given position of 
the source, in a compressible fluid, distributes itself as 
a scalar material field of radiation. It is a field that is 
constructed to analyze the problem of action at a distance. 
Viewed macroscopic ally the radiation field is an idealized 
continuous function of space and time describing the dynamic 
and thermodynamic state of the supporting fluid medium. 

The acoustic radiation field, which may be 
constructed as a solution to the initial and boundary value 
problem, provides the basis for any systematic approach to 
noise control, and hence is of considerable technological 
importance. Depending on the extent of the supporting medium, 
exterior to the radiating energy source, the radiation field 
is categorized as unbounded or bounded. In the former case, 
as the medium extends to infinity, only the diverging waves 
originating from the radiator (Fig. la) are present. A survey 
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of the literature indicates that a large number of satisfactory 
numerical methods are available for analysis of the radiation 
field -when the medium, is unbounded. These can be classified 
broadly in two groups as ■ 

I. Differential Equation Formulation 

- Multipoint Boundary Value Problem 
IX. Integral Equation Formulation 

- Extension of Classical Potential Theory. 

On the other hand, in a bounded medium, the boundaries are 
present at finite distances from the source. In acoustics, 
the physical effects of the boundary are to cause reflections 
which then must be added to the wave developed by the source 
to give the resultant field. Figure lb shows a typical pressure 
pulse in a bounded medium; also indicated therein is a region ' 
of superposition resulting from a wall reflection. The methods 
that are known and find certain applications in the analysis 
of a radiation field in a bounded medium are 2 

1. Separation of Variables 

1 . • ’• 

The problem of practical importance involves, 

in general, complicated cross-sections for which the natural 
coordinate system becomes extremely complicated and as a 
result the problem, in general, would not be amenable to the 
standard method of separation of variables. 
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2. C onf ormal Mapping 

The method of conformal mapping makes use of 
a technique of transforming the cross-sectional area into a 
simpler one, but its success depends heavily on the availabi- 
lity of the proper mapping function. This effectively rules 
out its application to problems with arbitrary boundaries. 

3* Greeks Function 

Even if it is known that the Green’s function 
does exist for the region under investigation, it is an 
extremely difficult task to find it; and as such this method 
is mostly used in the theoretical approach. 

1|_. Method of Images 

The method of images finds applications in 
certain special cases of rigid walls, but in a very few cases 
the images are the real images of the source. Even in these 
few special cases it is no simple task to find these images 
analytically. 

5. Method of Normal Modes 

In the normal mode method the medium enclosed 
is considered to be a three dimensional elastic body having 
its own natural modes of vibration governed by the mechanical 
constant of the mass of the medium and the boundary conditions 
on the enclosure surface. Then the sound field in a given 
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enclosure is expressed as the summation of the normal modes 
involving various decay constants and normal frequencies. 
Although this method shares the gain in power afforded by the 
generalized coordinates in mechanical problems, it3 applica- 
bility is~ limited to a few specialized cases, as in cases 
involving geometries other than the separable ones, the 
procedure inevitably becomes involved and complex. 

This clearly brings out the fact that these 
known analytical methods can be applied only in a very few 
specialized cases, and there is an obvious need for a more 
general numerical method to supplement them. This is afforded 
by the proposed Monte Carlo technique that is developed in 
this work;., the central idea being to follow the propagation 
of the signals of disturbance originating from the energy 
source. 

At every point in the medium the signal 
propagates along a direction normal to the wavefront, the 
locus of the wavefront normal forming the required trajectory 
that is used in the Monte Carlo method as the propagational 
path of the acoustic ray. In general this is a function of 

a. Initial direction of any particular ray emanating 
from the energy source 

b. Spatial variations of the physical and thermodynamic 
characteristics of the supporting medium 
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c. Spatial variations of the geometric shape and the 
thermodynamic properties of the boundaries that 
enclose the region under investigation. 

When these are specified mathematically the problem of the 
determination of the ray trajectory becomes determinate, and 
can be solved completely by formulating a set of equations 
defining the direction of the ray successively. 

In the Monte Carlo method based on the 
statistical model the requisite initial direction for any 
particular acoustical ray from the source is selected at 
random in accordance with the directional characteristics of 
the acoustical source. Such a selected ray is then traced 
through multiple reflections from boundaries, and through 
other events, if applicable. The pressure time histories at 
receiving points are calculated by accumulating the effects 
of penetrations of the rays through test cell volumes located 
at these points, i,e,, at the points where the pressure is to 
be found. In the first half of the dissertation the method is 
adapted to the problem of the rectangular room, and calculated 
results are given for comparison with other calculated results, 
such as those of Mintzer (19^0), and those obtained by the 
normal mode method. 

The difficulties to be overcome in adapting 
the method to more general problems are also discussed, and 
necessary developments are shown to include adaptation to 



curved boundaries, to moving or inhomogeneous media, and to 
problems involving dif fraction* The latter poses the worst 
problem, because it involves a breakdown in classical ray 
acoustics. Looking further ahead, it is fascinating to 
conjecture whether the rays can be treated as trajectories 
of phonons, and whether, by such an approach, nonlinear 
acoustical problems can be handled by considering the 
interactions between such phonons* 
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STATISTICAL MODEL AND THE 
MONTE CARLO TECHNIQUE 

PROBLEM IDENTIFICATION 

Sound is a dynamic disturbance of equilibrium 
of the physical characteristics of the supporting fluid medium* 
The sound generated in one region will propagate away, reflect 
from nearby walls or structures into different paths, and 
redistribute itself. The analytical problem associated with 
such a physical situation is the prediction of the sound field 
everywhere in the fluid region under investigation from its 
observable characteristics such as pressure, particle velocity, 
etc. at the source surface. This requires familiarity with 
the laws governing the propagation of sound through the 
supporting medium, and with the relationships between such 
measures of sound strength as the fluctuating pressure, the 
energy associated with the fluctuation, etc. In general the 
distribution of the sound field in the medium depends on the 
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following factors * 

a. Distribution of the sound sources and their 
strength time histories with any directional 
properties associated with them 

b. Thermodynamic and physical characteristics of 
the supporting fluid medium 

c* Shape and thermodynamic properties of the 
boundaries enclosing the region that is under 
investigation* 

When these are specified mathematically the problem, which is 
recognized to be a combination of the initial and the boundary 
value problem, becomes a determinate and, in principle, can 
be solved completely; however, in practice the solution 
remains tractable only in a restricted class of problems 
involving simple geometric shapes, thereby suggesting an 
obvious need for a more general numerical method to supplement 
the known analytical ones* The proposed Monte Carlo technique 
based on a statistical model and the tracing of the acousticcal 
rays, whose directions have been selected randomly, through 
multiple reflections from the boundaries and other events 
appears to meet this requirement* 



17 


DESCRIPTION OP THE MONTE CARLO METHOD 

In general the Monte Carlo methods, dealing 
with the solution of the problems by setting up equivalent 
‘'games' in which choices are made by drawing random numbers, 
are classified under two types. Probabilistic or Deterministic 
The initial and the boundary value problem in acoustics, 
identified above, is a deterministic problem that can be 
formulated in theoretical language but can be solved by 
theoretical means only for very simple geometries. In fact, 
being deterministic, this problem has no direct association 
with the random processes; but when its underlying structure 
is exposed it may perhaps reveal that it also describes 
some apparently unrelated random processes. Practically all 
problems in physics and engineering have a statistical 
basis, being influenced by a large number of factors having 
approximately equal effects; but one represents these by 
nonstatistic al mathematical models when the samples involved 
are extremely large. Por complex problems the analytical 
description may be practically impossible; however, the 
statistical simulation and its successful investigation may 
be possible with the application of the Monte Carlo method. 
This permits the solution of the determinstic problem under 
investigation numerically by Monte Carlo simulation of the 
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concomitant probabilistic problem. It is expected that in the 
limiting case of the large number of samples the solution 
thus obtained will converge to the same limit as the physical 
process that Is represented. In fact one of the most serious 
limitations imposed on the Monte Carlo method is that a very 
■ -difficult choice must be made between the desired accuracy 
and the economy, A general discussion of the error analysis 
and the probability estimates of the Monte Carlo results is 
included in Appendix 2. Access to a high speed digital 
computer is essential in Monte Carlo applications, 

Monte Carlo methods are recent innovations, 
since general programmes are generally unavailable special 
methods must be created to suit individual problems. Since 
economic considerations will keep the level of the sample size 
in any particular solution relatively small, it is expected 
that the results are subject to random fluctuations and hence 
can be quoted only in the limits of plus and minus a standard 
deviation from the statistical mean. Then as shown in Appendix 2 
the exact solution of the simulated problem can be estimated 
to be within the limits of plus and minus one standard 
deviation about 68 % of the time. 

It pays to scrutinize the problem to see 
whether any part of the experiment could well be replaced by 
an exact theoretical analysis, since such a replacement will 
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cause no uncertainty. To escape the formidable or even 
impractical amount of experimental labour it be essential to 
change or at least to distort the original problem. 

A procedure that can be used to establish 
the magnitude of the statistical variability is the very 
simple one of repeating the runs. The root cause for such a 
variability is the whole set of random numbers that get 
employed in any Monte Calo application to represent the 
various processes involved. Usually this simple procedure of 
repeating the runs, treating these as independent samples 
until the variability has been reduced to the desired level 
is not feasible due to the large amount of the computational 
labour involved to obtain any single sample. The quantity 
tinder examination is often highly variable; if not, in fact, 
its mean value could have been estimated by some deterministic 
approach. In order to make the Monte Carlo application 
economically competitive it is highly desirable to implement 
one or more of the variance reducing techniques, such as. 
Stratification, Control Variates, Antithetic Variates, etc. 
What most of these methods have in common is that they do not 
introduce bias into the estimation and thus they make the 
results more precise without sacrificing reliability. A 
judicious use of any of the above methods calls for a deeper 
thought in the problem. Since no attempt was made to use such 
sophisticated techniques here, there is no necessity to dwell 
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on this subject here; Kahn (195L|.), Tocher (1963), and 
Hammer sley (1965) provide certain discussion on this topic. 

APPLICATIONS TO ACOUSTICAL PROBIEMS 

The Monte Carlo method defies description 
beyond that already given in general terms; however, the 
particular acoustical model that is used in this work here 
can be described as follows. 

A probabilistic model is used, by means of 
which the pressure time history at any receiving point in the 
field can be computed by superimposing the effects of many 
individual 'wavelets*, representing the disturbance generated 
by the source, transported along the rays of propagation. In 
order to obtain the results within a reasonable computing 
time, the receiving point is represented by a small elemental 
test cell surrounding it; and the mean pressure within any 
small time increment is obtained by summing the times of 
transit of the rays through the test cell. 

The rays are assumed to consist of small 
tubes or bundles originating with a given elemental solid 
angle from the acoustical source, having intensities, 
directions, and times of origin which have been selected 
at random, in accordance with the spatial, directional, 
and timewise distributions of these sources. Each ray is 
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traced talcing account of its interaction with boundaries, or 
with the gradients in the medium through which it is transm- 
itted. Events occur ing during the lifetime of any particular 
ray may be of two kinds; causal, such as when it reflects off 
a solid boundary; or probabilistic, such as when losses at a 
wall are accounted for by a 1 sudden death* game* Tracing of 
a particular ray is terminated either when the required 
solution time is elapsed, or when it has been terminated in 
a sudden death. During all of this time, the pressure time 
history is determined at preselected ‘receiving points*, 
i.e*, points at which the pressure is desired, by using 
appropriate sampling techniques* For this analysis a suitable 
model i3 created from which is developed an algorithm for 
the estimation of the acoustic pressure variations in the 
region under investigation. 

STATISTICAL MODEL 

Any mathematical model of a physical system 
requires the following three parts : 

1. A conceptual, idealized physical model of the 
actual system 

2. A method to solve the equations describing the 
idealized physical model 

3* A computational procedure to implement item 2. 
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The ultimate measure of a mathematical model is the degree to 
which it produces satisfaction to its user. This satisfaction 
can usually be produced when the computed values agree with 
the reliable experiments. An alternative method of checking 
the validity of any new technique is the application to a 
very simple physical model that is amenable to another 
proven technique, and the subsequent comparison of the two 
results. When this latter course of comparison is adopted, 
as is the case in the present work, a proper consideration 
must be accorded to the fact that the method selected for 
comparison might not be an exact but an approximate one « 
Obviously the better verification is afforded by the former 
course of comparison. 

Governing Equation for the Pressure Field 

The first step is to formulate a conceptual, 
idealized physical model of the acoustical system that is to 
be analyzed. The generated sound in the region tinder investi- 
gation is considered to be a collective effect of a certain 
distribution of sound sources. In the absence of these sound 
sources, let the medium be stationary, and its physical state 
be described by a pressure field with a constant value, say 
Pq. The introduction of the sound sources causes the pressure 
in the medium to fluctuate. Let Ptx^t) be the total pressure 
at a receiving point x r in the field at time t, the underscore 



23 


(~) denoting the vectorial quantity. The distribution of the 
pressure field is governed by the nonhomogene ous wave equation 

( i / c 2 ) ( a 2 p /at 2 ) - v 2 p = h.h.s. ( x ) 

where c is the characteristic wave velocity; it is the 
velocity at which the pressure disturbance propagates in the 
supporting fluid medium of characteristic impedance f c 2 , 

? being the mass density of the medium. In Eq, l the term 
iR.H.S.* is interpretable as a strength distribution of 
simple acoustic sources per unit volume. 

Assumptions 

The classical Wave Equation of linear 
acoustics is expressed as 

(l/c 2 )( 2 2 P/3t 2 ) - 7 2 ?z o (2) 

This is obtainable from the more general Navier-Stokes 
equation of fluid motion under certain restrictive 
assumptions, the more important of them are enumerated below, 
the less important such as body forces, chemical reactions, 
etc, are omitted. 

I. The fluctuating acoustical pressure p(x J ,,t) 
given by 

pCjp.t) =. Ptxp.t) - P Q ( 3 ) 
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is sufficiently small compared to the equilibrium, 
pressure Pq. This implies the proportionality of 
the deformations and the stresses caused by the 
perturbation. This approximation will require 
reexamination when the mean square pressure 
levels are of the order of 130 dB . 

II. Thermo- viscous dissipation is negligibly small. 
Inclusion of these effects is possible, but the 
mathematical complexity will obscure the basic 
problem. 

III. In case of the sound generation by the turbulence, 
the cross -correlation between the sound field 
and the turbulence is small enough to allow the 
- decoupling of the two equation sets. This permits 
the examination of the sound field independently 
of the turbulence field. This assumption is seen 
to be invalid in the proximity of the sound 
sources* 

These assumptions allow the separation of the wave equation 
from the equation of motion. 

Monopole Field 

In the study of transient sound generation 
in a given acoustic cavity, the notion of the multipole 
representation of the acoustic sources can be used profitably. 



The very useful conception of a monopole, 
commonly known as a 'point source* was introduced into the 
subject by Helmholtz, The position of a point source in the 
field is the location of a 'point singularity*. At such a 
point, one can imagine, that a fluid is introduced or 
abstracted at a certain rate. In the presence of certain 
volume distributed monopoles the pressure field is govrrned 
by the wave equation 

( 1 / c 2 ) ( 2 2 P / D t 2 ) - v 2 P = 2) m / 2 t < 1*. ) 

where m is the rate of mass injection per unit volume, the 
' # 

overhead dot ( ) denotes the differentiation of the quantity 

with respect to time. InEq. Ij. the R.H.S. term c) m/2> t 

* 

represents simple sources of strength c> m/ 2 t per unit volume 
considered as a source for the pressure , and not for the 
velocity potential. ’ ■ 

Let 0 be the reference point, origin, inside 
the volume V* (Pig. 2 ) of the fluctuating medium representing 
an entity of volume distributed acoustic sources. Within this 
volume V* consider an elemental volume dV*(x ) representing a 
point source at the position x g . Let ^ be a receiving point 
external to V » ; then defining as the retarded time 

T = t - R / c. , where R = l ^ - x fl | 


( 5 ) 


Fig. 2. Volume Distributed Acoustic Sources 

it is possible to express the pressure contribution from this 
entity of the volume distributed acoustic sources at the 
receiving point at tin© t as a solution of Sq. i; 
represented by, using Sq. 3 , 

P( 5 r ,t) - C 1/1^71 ) / (l/R) mlXgjT )/*£> t dV*(x g ) { 6 ) 

V» 

When the linear dimension of the fluctuating 
region V * is small compared to the distance R, i.e. vhen the 


relation 
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( V« ) x/ 3 / R < <. < i ( 7 ) 

is satisfied, it is possible to approximate Eq, 6 by 

= (V'/^7[B) (3 2 /3t 2 )n( ?a ,t) ( 8 ) 

In other words, the pressure field at the receiving point 
x^, due to the distributed acoustic sources, is equivalent 
to that due to a concentration of the total sources at a 
single source point x M when the relation given by Eq. 7 is 
satisfied. An equivalent form of Eq. 8 is 

- (f/lfTTR) Q(x s ,T ) ( 9 ) 

where Q(x g ,t) is the rate at which the fluid material is intro 
duced at x by a point source located there and represents 
its strength as defined originally by Helmholtz, 

When the region is unbounded, Eq, 8 or 9 
provides the sufficient information in regards the time 
history of the pressure contribution at a given receiving 
point resulting from the action of a point source located 
at x g , It is assumed here that the medium is homogeneous and 
is at rest initially. 
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Finite Representation of the Source 

As stated earlier, in the present statistical 
model, the generation of sound in a given acoustic cavity is 
considered to be a collective effect of distributed sound 
sources. From a given distribution, now, consider a represen- 
tative source; if it is not adjacent to the solid boundary, 
and has no preferred directions as its characteristics, it 
would emit isotropically in the medium. It is characterized 
by its spatial location in the cavity, its time of origin, 
and its strength time history. Figure 3a is a typical 
strength time history of an acoustical point source. Its 
time period T^ is divided into a finite number of intervals 

' 2 hp = T / AT ( 10 ) 

where AT is a width of any Individual Interval. The strength 
of the source in each of these Intervals is approximated as 
constant. The use of an equivalent finite number of elementary 
pulses, as shown in Fig. 3b, then provides the requisite 
finite representation of the acoustical source. Out of these 
2 elementary pulses any particular one is defined by 
f , its strength 

and its time of origin t^ = (i-^g)AT ( 11 ) 
where I is an integral index such that 

1 $ i ^ 2 n p 





30 


Random Pul 3 9 Selection 

Now at this stage an elementary pulse is 
selected from this aggregation. There are number of ways to 
accomplish this with varying degree of sophistication, 
probably the simplest one would be to generate an integer 
random number and then to pick a corresponding pulse. In 
computer applications, this needs a generation of string of 
random numbers, which forms the essential element of any 
Monte Carlo method, 

Generation of Pseudo Random Numbers 

It was mentioned above that a source of 
random numbers is required from which they can be drawn in 
succession. When a routine is to be checked, it is of great 
convenience to be able to draw the same set of random 
numbers each time the calculations are repeated, thereby 
making the random numbers used in the Monte Carlo application 
not truly random but •pseudo* random, 

Hull (1962) has presented a rather complete 
treaties on various random number generators. The so called 
*Multiplictive Congruent ial Method* of generation requires 
a starting integer y, an integer a as a multiplier, and a 
modulus m which is greater than a or y. The maximum period 
of the resulting sequence of numbers is given by m, and this 
is chosen as a power of two for a binary computation. 
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• Real type random number . The algorithm 
that is used for the generation of a string of 'pseudo T 
random numbers in the present work is selected from the 
'Collected Algorithm Computer Programs 1 266-P-1-0 CACM. This 
is based on the multiplicative congruent ial method of 
generation of random numbers. It utilizes an integer 312# 
a multiplier and 671 08861; ( = 2 B 26 ) as a modulus. The exact 
procedure here is as follows • 
integer : y 

•real i - 

'before first use 

set y = any odd integer such that 
y < 67108864. 

begin 

y = 3125 x y 

y - (y - y / 67108861;) x 67108861; 

IR - y / 67108861; 

end. ( 12 ) 

This provides R as a random number of type real such that 

0 < IR <. 1 C 13 ) 

An important property that is utilized in 
‘-—the present application is that the continuous random variable 
[R obtained by this method has a uniform distribution over 
the interval [0,1] . A uniformly distributed random variable 
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represents the continuous analog to ‘equally likely outcomes* 
in the following sense. For any subinterval \_t,t +AT] where 

0 <c t ^ t + AT ^ (Pig. 3 ) 

the probability that the random variable n? lies between t and 
t + AT is the same for all subintervals having the same length 
AT . That is the probability 

P(t5 fR $ t t At ) = AT / T ( lk ) 

P 

and thus depends only on the length of the interval and not 
on the location of that interval. 

Integer type random number . The required 
integer random number i in Eq. ll above, for the pulse 
selection, is obtained as 

1 = INT [ ( (R ) * (2 n p ) + 1 ] ( 15 ) 

where the real type parameter of the product ( R ) x (2 n ) 

P 

is converted to the integer type. All the integers upto 2 n 

P 

are seen to be equally probable for the value of i given by 
Eq. 15. A pulse corresponding to this integral index i is the 
random selected pulse (Pig. k&). It is defined by its strength 
and its time of origin t^ (Eq, ll). 





Random Ray Selection 

At the time of its origin, the selected 
pulse emits isotropically in the medium. The directions of ! 
the emitting rays, which are normal to the disturbance 
wavefronts, are infinite in number; only a few of these are 
shown in Rig. lj.b. It is necessary to select one of these. 

The method that is adopted for this, given by Haviland (1965)* 
is to pick a point, say A, at random on a unit circle with 
polar coordinates, say R, © (Fig. A 3 .I, Appendix 3 ). This is 
accomplished by picking two Cartesian coordinates, say XI, X2, 
at random, both in the range -1 to+ 1 , and rejecting them if 
the point A lies outside the unit circle. Let TR1 and IR2 be 
two random numbers ; then 

XI =- 1 - 2 JR1 

X2 =■ 1-2 FR2 ( 16 ) 

R 2 = XL 2 + X2 2 

2 

If R ^ 1 values of the random numbers IR 1 and 1 R 2 are 
accepted; otherwise rejected, and a new set of random 
numbers is tried. Over a long period, 7T / I 4 . tries will be 
successful, and this defines the ‘efficiency 1 of the method. 
This is a Monte Carlo method of random direction selection; 
in Appendix 3 it is examined in more details and also included 
there is its comparison with an alternative method that is 
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conceived on pure geometric considerations. 

Let DCl( - cos *c), DC- 2 ( =■ cos fi > ), DO3C =. cos If ) 
represent the direction cosines of the unit vector in the 
direction of the propagating ray, at the source position 
(Fig. A3.I, Appendix 3); then 

DCl = 1 -2 R 2 

DC 2 = 2 XI (l - R 2 ) 3 * 

XX 33 = 2 X2 (1 - R 2 ) 3 ® ( 17 ) 

This completes the specification of the initial direction 
vector for the ray selected at random. 

Rather than following a single ray to 
represent the signal propagation, it is more convenient to 
follow a small ray tube (Fig. l+.c ) consisting of a bundle of 
rays originating from the energy source within a given 
elemental solid angle A St centred around this selected ray. 

Influence of the Randomly Selected Rav 

Consider, now, the influence of the 
randomly selected pulse with the integral index i, strength 
and time of origin t^* Further, let its influence be confined 
to a ray tube, as defined above, centered around the randomly 
selected ray( °< ). This is traced, taking into account 

its interaction with boundaries, or with gradients in the 
medium through which it is transmitted. At any point along 
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its trajectory, the name of such a ray tube is constituted 
by its direction, its coordinates, and its weight. A weight 
of the ray tube represents its intensity. Its original 
weight is Q^. 

In the absence of physical, or thermodyna- 
mical gradients in the supporting fluid medium, the rays 
originating from the energy source propagate essentially in 
paths composed of straight lines from one boundary to another. 
Figure 5 shows first few reflections from the rectangular 
walls. 

Now since the influence of the selected 
pulse is assumed to be confined within the ray tube that is 
traced, it is essential to examine whether at any instant 
during the progress, the receiving point falls within the 
influence of this ray tube; then and only then there could 
be a pressure contribution from this pulse at that particular 
receiving point in the region. 

- - - m Pressure in an unbounded medium . Consider 

now the effect of the previously selected pulse of integral 

index i. At the time of its origin in the short interval of 

time, say, from to it produces a localized 

disturbance in the immediate neighbourhood of the source 

position x . At a subsequent instant t greater than t.. its 
~s i 7 

effect is localized in a very thin spherical shell with 
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centre x , and radius c(t-t. ). Now if t represents that 
particular instant at which the propagating disturbance 
arrives at the point in question, the pressure contribution 
from this pulse can be expressed, using a S -function along 
with Eq. 9, as 

P im ( 5p' t} = ( f ft ± <& (t - - t' ± ) ( 18 ) 

where R m = \x^ - x fl | - c(t -T) - c(t - t^) 

Pressure in a bounded medium . In general, 
now, if the variable R^ in Eq. 18/ or R in E q . 9* is defined 
to be the arcual distance along the trajectory of any 
particular signal originating from the source position upto 
the point in question, Eqs, 9 and 18 hold even when the 
medium, is bounded, only the difference is that in the case 
of a bounded medium proper account needs to be taken of the 
multiple reflections that the ray suffers before arriving at 
the receiving point. 

This effect of multiple reflections can be 
handled relatively easily when the boundaries enclosing the 
region form rectangles. It is this case that is treated 
presently; whilst the situation resulting in the case of 
nonrect angular boundaries is studied in greater details in 
the latter half of the dissertation. 
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Let an infinite set H. . m ^1 to« , 
represent all of the possible distances travelled by the 
selected ray 9 & 9 *f ') characterizing the pulse, from 
the source position to the point in question; then using 
Bq. 18 above, the pressure time history at this point 
resulting from this I*** 1 pulse is 

ct> ' 

PiC^.t) = 21 Pia ( *r» t) 

• m-1 • ■/. . 

= Y- (?/1 ^ R im^ Qi 5 ( t - t a - t 1 ) ( 19 ) 

m - 1 

where t m = t ± + / c 

The concept of the method of images 
provides a means of visualizing this result more clearly. In 
this method, as shown in Pig. 6 for the case of perfectly 
reflecting walls of a rectangular room, an infinite array of 
Image rooms is constructed, each containing an image source. 
The pressure at the receiving point is the sum of the effects 
of all of these image sources plus that of the true source. 




Pig. 6 Array of Image Rooms 



Finite cell transient period * The total 
transient period, for which the solution is sought, is divided 
up into, say, J time cells, each of duration At; and the 
pressure is considered to be the mean value of the 

1,1. 

pressure given by Eq. 18, taken over the j time 

interval, resulting in an expression 

p imj ( ?f ) = 

, = ? AT / Wit R lm . 

if the ray passes through the 
receiving point for the time 
during the ^interval 

'=• 0 otherwise. ( 20*) 

Pressure accumulation alternate method . The 
method just described is further investigated in the latter 
part of the dissertation, where the Monte Carlo technique of 
the present part is modified to cover a larger class of cases 
of practical interest involving boundaries that are not at 
right angles to each other; however, a simpler alternative 
method is possible for rectangular boundaries that are 


JAt 

(1/At)' j p ± m (x r ,t) dt 

JAt - 1 
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investigated here* This consists of introducing a small 
parallelepiped test cell of an elemental volume AV at the 
receiving point, and then determining the penetration A R of 
the propagating ray into it, alongwith the travel distance R 
of this ray tube starting from the source upto the penetration 
point. The two methods are shown in Rig, 7* 

Let AR^ and R^ be the length of penetra- 
tion and the travel distance, respectively, for the ray tube 
that is tinder process; then the time spent by the ray in the 
test cell is given by 

At im * AR im / c < 21 > 

The pressure contribution resulting from such a penetration 
can then be expressed as 

p imj^?r^ “ * Q^/li/TT R^) . (At im /At) • 

( R lm 2 o AT AJL / AV) 

where J = t/At + 1 

=■ / c) / A t + 1 ( 22 ) 

The first term on the right hand side of Eq. ZZ corresponds 
to that of Eq, 18, the second term is the sample correction 
factor which is the ratio of the penetration time interval to 
the averaging time interval; whereas the third term is the 
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Pig. 7 Alternative Methods of Accumulating 
Acoustical Pressure Contributions 
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ratio of the volume occupied by the ray tube to the test cell 
volume, and covers the probability that the ray will miss the 
test cell altogether. 

Thus goes the processing 1 of any particular 
ray tube with the accumulation of its influence at a given 
receiving point in the region under investigation. Either 
when the time index j exceeds the limiting value J, which 
corresponds to the total transition .period length, or the 
intensity of of the ray tube drops below a predetermined 
level, the processing of that particular ray tube is 
terminated; and the process is repeated for, say, a total 
of N ray tubes in a particular Monte Carlo run . Each ray 
tube represents, separately, a randomly selected pulse . 

normalized Pressure Value 

It is recalled that the time period T^ of 

the source was subdivided into 2 n equal intervals of width 

P 

AT» and that the ray tubes which were used to represent 
the source strength time history were considered to be 
centred around a randomly selected ray with a solid angle Ail 
then since ij.7T represents the total solid angle, the total 
number of pulses that could have been selected is given by 

N = (47C/ Ail ) 2 n_ = 4.71 T /A-SIAT (23) 

r r r 
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Finally, the expected pressure is obtained 
by averaging over all of the N pulses that were followed, 
and normalizing by multiplication by the total number of 
pulses Then the resulting acoustic pressure, in the 
normalized form, in the j time interval, can be expressed, 
using Eqs. 21, 22, and 23 as 

Pj^) - (H p / N> J_ £ P^j^) 

1-1 m : 

;■ J'i'\ • n . : ‘ ,■ ■ v 

-- (fT p /HAVAt) X Z V R i»A R l« 

i - 1 m • \ 

' - ■ ■" N " : , ' ■; ' • " 

= CfTp/aAVAO £ iiH Is AK lo (ai) 

i =1 

In the last expression, for simplicity, the index m and its 
corresponding summation sign have been suppressed with an 
understanding' that in a closed acoustic cavity a particular 
selected ray, representing a random pulse, can pass through 
a given receiving point many number of times, thus making 
pressure contributions there at those instances, as a result 
of the multiple reflections the ray suffers during its life 
time trajectory. 



The relation given by Eq. 24 is now divided 
on both sides by ? c , the characteristic impe dance of the 
supporting medium, to yield the following expression for the 
expected pressure in the nondime ns ional form 

■ • - ••• N - M 

?/(?r> = (T P ^ N ° 2 AV Z ^ R i AR i 

■ * ' i^l 

where = p ^(x^) / ? c 2 , - ? 

the overhead star denoting the variable in 
nondimens ional form. 

Statistical Fluctuations 

As pointed out earlier the economic 
considerations, in general, keep the sample size N relatively 
low; and as a consequence, the results obtained from the 
statistical algorithm of Eq* 24 would obviously show certain 
random fluctuations. In such circumstances it is essential to 
have the knowledge of the standard deviation; which is 
obtained by repeating the calculations leading to Eq. 24 in, 
say, K different blocks With the sample value in any individ- 
ual block k, where 1 k ^ K, is given by N^* The results : 
for this can be expressed as 



m 


N. 


k = (T p / N k o 2 AV At) R i AR i 

( 26 ) 


i - 1 


which is just an alternative form of Eq. 2jJ. 

Now by assigning equal statistical weight 
to each selection the required pressure field, which is the 
statistical mean of all of the samples, is given by 


K 

k - 1 

whore W k is statistical weight defined as 

K 

"t = \ > i >i 

i -1 


( 27 ) 


( 28 ) 


The variance of such a pressure field is given by 

Ki 

1)2 = Z V-(frj*M k "Pj # ^} 2 

k - 1 j 

2 

- <r~ * 

p j ( 29 ) 
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where (f & is the required deviation of the predicted 

P -f . 4-V* 

J acoustical pressure in the j time interval 

at a given receiving point x^. 

A flow diagram showing the compute r logic 
necessary to perform these calculations is given in Pig, 8, 
Before applying the technique thus developed, to a specific 
problem, it is essential to examine its validity in more 
detail ; this is done in the following chapter. 




Pig, 8 Plow Diagram of the Monte Carlo Method 
Applied to Rectangular Problem 
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Chapter 4 

VERIFICATION OF. THE AL3-OHITHM 

The proposed Monte Carlo approach for 
applications to acoustical field solutions being a new one, 
it is prudent to check its consistency by considering the 
results that would be obtained by solving a few simple 
problems. The first solution that is considered here is that 
of a source in an unbounded medium, whilst the second is 
that of the ultimate average pressure rise that to be 
expected in a rectangular room; both are treated in the 
present chapter by evaluating the algorithm of the Monte 
Carlo technique, given in Eq. of the preceding chapter, 
and then comparing with the known solutions. 

SOURCE IN UNBOUNDED MEDIUM 

The problem is illustrated in Fig , 9 . An 
isotropic point source of strength Q(t), such that the 
quantity Q(t) is constant over its total period T (>>At), 
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is surrounded by an annular test cell of mean radius R(-ct), 
thickness AH(s.c At), and thus of volume 

A V - 7C A R ( 1 ) 

Let j be the time index corresponding to the time interval 
from (t-at/2) to (t+At/2), and N be the total number of rays 
selected to characterize the complete strength time history 
of the source of period then that corresponding to the 
elemental time interval At is given by 


n r. N At / T 


( 2 ) 


During the interval of the j th time cell every selected ray, 
out of these n, penetrates the test cell volume for a 
distance 


AH. - AR 
in 


( 3 ) 


and at a mean distance of travel 


R. =. R 
im 


( k > 


Substitution of these values into E q . 2l\. of Chapter 3 results 
in the following expression for the acoustic pressure during 
the time interval 


Pj = Q / kll * 


( 5 ) 


which is the known analytical solution for the problem. 
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SOURCE IN BOUNDED MEDIUM 


Consider a point source acting in a bounded 
medium of volume V. The position of the point source, it is 
recalled, is a point of singularity where the fluid is 
introduced or abstracted at a certain rate, and the volume 
Q(t) thus introduced per unit time represents the strength of 
the source in question. At any time t, the fluid volume 
introduced by the source then can be expressed as 

t T 


av(t) = 


QU l) Am. dT 


0 

0 



1 

_ T 

J t 

t 

- 

T / Q( At) d/U 


. 

0 

1 

- 0 

0 


T Q(Z) dT 


( 6 ) 


If the source only operates for its period from t=0 to t -T , 
and cuts off at t=T satisfying the condition 

Sr 


T 


sr 

| Q(t) 


dt - 0 


( 7 ) 


0 


then the final volume introduced by. this source can be 
expressed as (using E-qs. 6 and 7 above) 



5 k 

dV(t>T p ) = dV(T p ) 

J t 

- — ( T Q( r ) dX ( 8 ) 

0 

Consider now the source strength time 
history of the source to be replaced by its equivalent finite 
approximation CFig. 3) consisting of 2n p elementary pulses; 
then Eq, 8 takes the form 

dV( V - - AT ^ h S. ,*°*-V T p 

i - 1 

Since this relation represents the final fluid volume 
introduced by the source, the total change in the density of 
the fluid medium, resulting from the activation of the 
source in question, is given by 

d f Itj) = ? dV(t ) / V 

or in other words, 

d ? (t .) / 0 ^ dV(t.) / V 

J J 2 n 

P 

.= - ( A-X/ V) t. Q. ( 9 ) 

i - 1 
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When this is small compared to unity, the pressure changes 
can be taken proportional to changes in the density, and the 
resulting acoustical pressure can then be expressed as 

p(t) - X. a ? (t) / ? ( 10 ) 

where 1C is the elasticity of the medium and is given by 

/ p 

?o , for isothemal "compression 

t - _ 

? v/Y > for adiabatic compression 

( 11 ) 

If is the ratio of two specific heats of the fluid, 
for air r~-l.ip02. 

Now consider the expected pressure rise 
predicted by the Monte Carlo method, using Eq. '2lj.of Chapter 3 
Because the selection of any one of the 2n^ pulses is equally 
possible, it is readily shown that 

K j 

E[ Pj } - (?T p /UAV At). E Z \R im AR im | 

- (Jo At/AVAt) V 4.. (t.-t.). E[R} 

i=l 

( 12 ) 
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where E [ar} is the expected value of the penetration 
distance. This is most readily obtained, for the case of a 
rectangular room, by using the method of images as shorn in 
Pig. 10, and considering the effect of all of the image 
sources. The total number of such images which can influence 
the pressure p. is the number in an annular volume of radius 

J 

c(t.-t. ) and thickness cAt. Since there is one source per 

V 

room of volume V, the total number is 

4 IT c^ (tj-t^) 2 At / v 

This number is actually equal to the number of reflections 
in the room during the corresponding period. The expected 
penetration into the test cell AV of any one of these is 
equal to 

Av / i4_ 01 o 2 (tj-q) 2 

Therefore the expected value of the penetration is the 
product of these, so that 

E [ A R J = o AV At / V ( 13 ) 

Substituting into Eq, 12, assuming the cut off condition 
given by Eq. 7 to hold, 




Pig, 10 Average Pressure by Image Method ' • 
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-<. u 2 at / v ) 7 • «i , f°r t j> t i 

i = 1 

( llj. ) 


which is in agreement with Eq. 10, in the light of Eqs. 9 
and 11 . 


This provides the requisite verification of 
the Monte Carlo technique, and thereby confirms the algorithm 
that is given in Eq, 21; of the preceding chapter. 




Chapter 5 


CALCULATIONS FOR RECTANGULAR ROOM 

RECTANGULAR ROOK PROBLEM 

The sound received at one point from any 
other point in the same room has two parts; that received 
directly and that received along a number of indirect paths 
involving reflections at the boundary walls. It has been 
realized for a long time that the reflection pattern in a 
room, the background noise, and certain characteristics of 
hearing are the major factors that govern the room acoustics; 
but exactly how these factors combine to give the ultimate 
results has not been very clearly understood. Nevertheless 
the quality of speech and music, for example, in a room is a 
function of the reflection pattern. 

In general a sound source can be represented 
as pulsed wave trains. Most sounds of speech and music can 

59 
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be classified as pulsed wave trains whose amplitudes and 
frequency components fluctuate sufficiently within the time 
intervals shorter than the time constant of a given room so 
that the room seldom reaches the steady state. Thus the 
transient response of the room to transient sounds of this 
general type is an especially important physical problem of 
room acoustics. The task of describing mathematically the 
response of a room to an arbitrary transient, and of studying 
the roles of room geometry and distribution of absorbing 
materials in this response is extremely complicated (Morse, 
1968), The Monte Carlo technique developed in the preceding 
chapter appears to be well-suited for this purpose, the object 
of this chapter is to demonstrate this with the help of a 
simple physical model. 

An important aspect of architectural 
, acoustics is to get a clearer picture of the relation between 
the reflection patterns and the subjective quality. The proper 
control of the distribution of sound energy throught a room 
and of the growth and decay of the transient sounds are the 
prime objectives of good acoustical design. Any attempt to 
this end on quantitative basis calls for a systematic 
interpretation of the reflection patterns by the hearing 
mechanisms. It is anticipated that the proposed Monte Carlo 
technique will prove very helpful here by providing the 
quantitative prediction of the reflection patterns. 
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The specific physical model that is 
considered for the application of the Monte Carlo technique 
consists of a nonconducting, isotropic, homogeneous medium 
enclosed by rectangular walls. The essential dimensions of 
the room are : 

length 110 ft. , width 66 ft. , height 44 ft. 
Calculations are presented for a pressure field caused by 
an actuating point source characterized by a single cycle 
double rectangular pulse, sinusoidal pulse, and N- shape 
pulse as shorn in Pig. 11; the mathematical representation 
of the source in each of these three cases being given by 

Double Rectangular Pulse 
4(t) = (V71) [l - H(t) j . 

Qd 

/_ sin [ 2(2n-l) 71 t/T ] /(2n-l) ( 1 ) 

n-1 

Sinusoidal Pulse 

4(t) - Ll - Hit)] [sin L2'7rt/r p ] j (2) 
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N- shape Pulse 

<£> 

( 3 ) 

n-1 

■where H(t) is the unit step function defined as 


H(t) 

-f° 

> t 

< T 

P 



* t 

> T 

P 

0.2 secs.. 

is the 

source 

time period. 


The results are grouped in seven different 
cases for material absorption coefficient ranging from zero 
to one hundred percent on different walls, with as many as 
six different receiving points dispersed in the region. 

GEOMETRICAL SPECIFICATION 

The selected Cartesian coordinate system 
(XI, X2, X 3 ) is shown in Fig. 12. To facilitate further 
discussion, each wall is designated by a symbol WLn(n-l to 6 ), 
and is shown in Fig, 12 along with an equation of its 
defining coordinate plane. The number of receiving points 
chosen for the evaluation of the acoustical field is six; 
the individual locations of these receiving points with their 
specific symbolic designations : D, E, F, G, H, I are shown 


Q(t) = (2/7r ) [1 _ H(t)] | sin L2n7lt/T p ] j / n 





65 

in Pig, 12, also seen there is the position of the point 
source. 

MATERIAL SPECIFICATIOH 

In order to study the effect of the variati- 
ons in the material properties of the bounding walls on the 
field, the material absorption coefficient was varied from 
zero to one hundred percent on different walls. The results 
are grouped into the following seven different cases: 

Case 1 All walls perfectly reflecting 

Case 2 The wall represented by Xl = 0 , i.e • WL1 , is 

100 % absorptive; and all other walls perfectly 
reflecting 

Case 3 The wall represented by X3^44», i.e. WL6, is 

100 % absorptive; and all other walls perfectly 
reflecting 

Case 4 The wall represented by X3= 0 , i.e. WL3, is 

10 % absorptive ; and all other walls perfectly 
reflecting 

Case 5> The wall represented by Xl» 110 f , i.e. WL4, i s 
20 $ absorptive; and all other walls perfectly 
reflecting 

Case 6 The wall represented by 66* , i.e. WL£, is 
40 % absorptive; and all other walls perfectly 
reflecting 
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Case 7 The wall represented by X2 = 0, i.e, WL2, is 

60 % absorptive; and all other walls perfectly 
reflecting. 

GENERAL DESCRIPTION OP THE MONTE CARLO RESULTS 

The supporting medium was considered to be 
air with a mass density ? equal to 0.002378 slugs/ft^, and 
a velocity of sound c equal to 1100 ft/sec. Taking the space- 
time volume (i.e. AV At) of the test cell to be 0,[f259 
3 

ft -sec., in each of the above mentioned seven cases, at an 
individual receiving point, ten blocks of data were collected 
including a total of 50000 selected signal pulses. The results 
from these Monte Carlo calculations are presented in the form 
of the overall mean values with plus and minus one standard 
deviation in Appendix .If* - 

In order to study the variations in the 
pressure values, as a function of the spatial location in 
the region and the material properties of the bounding 
surfaces, it was found more convenient to regroup the above 
results and present only the overall mean values as shown 
in the following figures: 

Double Rectangular Pulse Figures 13 , lif, and 15 

Sinusoidal Pulse Figures 16 to 28 
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N- shape Pulse Figures 29 to IjJ... 

For these calculations the transition period length of 0.4 
seconds, twice the pulse duration, was considered. 

The nature of the diffused field can be 
studied by observing the variations in the pressure values 
for a longer duration of time at any one receiving point 
in the region. This is accomplished by accumulating the 
pressure values at the receiving point E f the one that is 
in the vicinity of the centre of the rectangular room, for 
a duration of 0.8 seconds, four times the pulse duration. 

These results are shown in the following figures : 

Double Rectangular Pulse Figure, l\.2 

Sinusoidal Pulse Figures 43 to 49 

N-shape Pulse Figure 5Q- 

For a case with perfect reflecting walls, 
i.e. for Case 1, it is possible to make an estimate of the 
adiabatic pressure rise in the room. The nondimensional 
pressure values, obtained for the three different source 
configurations under investigation by the use of Eqs. 9, 10, 
and 11 of Chapter 4 are 
Double Rectangular Pulse 2.80387 E -6 

Sinusoidal Pulse 1.785- E -6 

N-shape Pulse 1.669 E -6 

These levels are marked in Figures 13, 16, 29, 42 , 43# and 50. 




Fig. 13 Pressure Time History at Six Different Receiving Points 

for Single Cycle Double Rectangular Pulse in Rectangular Room (Case l) 
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Pig. 13.1 Pressure Time History at Receiving Point D for Single 
Cycle Double Rectangular Pulse in Rectangular Room (Case l) 
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Pig. 11|. Pressure Time History at Six Different Receiving Points 
for Single Cycle Double Rectangular Pulse in Rectangular Room (Case 2) 




C.M&AAO +. C STANDARD : ' DEV/AT/O/v) 

. MEAN . — 
iMBAN) - C STANDARD . DEV/AT/ON)- 


TIME IN SECONDS 


Pig. li^.l Pressure Time History at Receiving Point D for Single 
Cycle Double Rectangular Pulse in Rectangular Room (Case 2) 
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Pig. 15 Effect of Variation ?in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point D for Single Cycle 
Double Rectangular Pulse in Rectangular Room 
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Pig. 16.1 Pressure Tim© History at Receiving Point D for Single 
Cycle Sinusoidal Pulse in Rectangular Room (Case l) 
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Fig. 17 Pressure Time History at Six Different Receiving Points 
for Single Cycle Sinusoidal Pulse in Sect angular Room (Case 2 ) 
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Pig . 17 ♦! Pressure Time History at He ceiving Point D for "Single 
Cycle Sinusoidal Pulse in Beet angular Room (Case 2) v , 
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Pig . 19 P re s sure T irae History at Six D if f e rent Rece iving Points 

for Single Cycle Sinusoidal Pulse in Rectangular Room (Case i|.) 
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Fig. 20 Pressure Time History at Six Different Receiving Points 
for Single Cycle Sinusoidal Pulse in Rectangular Room (Case 5) . 




nOnDimens zonal pressure x/o 



receiving 

POINT 

POS/T/OM 


/.EGE^O 


• 20; -24 -j< 

TJM£ M SECONDS 


Fig, 21 Pressure Time History at Six Different Receiving Points 
for Single Cycle Sinusoidal Pulse in Rectangular Room (Case 6) 
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Pig. 22 Pressure Time History at Six Different Receiving Points 
for Single Cycle Sinusoidal Pulse in Rectangular Room (Case 7) 
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Pig. 23 Effect of Variations in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point D for Single Cycle 
Sinusoidal Pulse in Rectangular Room : 
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Pig. 2 4 Effect of Variations in Bounding Wall Material Propertie 
on the Pressure Time History at Receiving Point E for Single Cycle 
Sinusoidal Pulse In Rectangular Room 
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Pig. 25 Effect of Variations in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point P for Single Cycle 
Sinusoidal I^ulse in Re c t angular Room • . 
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Pig* 26 Effect of Variations in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point G for Single Cycle 
Sinusoidal Pulse in Rectangular Room 
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Fig . 27 Effect of Variations in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point H for Single Cycle 
Sinusoidal Pulse in Rectangular ' Hodm/v 
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Pig, 29 Pressure Time History at Six Different Receiving Points 
for Single Cycle N-shape Pulse in Rectangular Room (Case 1) 




oo 

o 



RBCEtViNGr 

Point 

posmoN 


LEGEND 


Fig, 30 Pressure Time History at Six Different Receiving Points 
for Single Cycle H- shape Pulse in Rectangular Room (Case 2) 
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Pig. 30. 1 Pressure Time History at Receiving Point D for Single 

Cycle N- shape Pulse in Rectangular Room (Case 2) 
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Fig, 31 Pressure Time History at Six Different Receiving Points 
for Single Cycle N- shape Pulse in Rectangular Room (Case 3 ) 
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Pig. 32 Pressure Time History at Six Different Receiving Points 
for Single Cycle H-shape Pulse in Rectangular Room (Case k) 




Pig. 33 Pressure Time History at Six Different Receiving Points 
for Single Cycle N- shape Pulse in Rectangular Room (Case 5 ) 
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Fig. 34 Pressure Time History at Six Different Receiving Point 
for Single Cycle N- shape Pulse in Rectangular Room (Case 6) 



Pig* 3? Pressure Tima History at Six Different Receiving Points 
for Single Cycle N-shape Pulse in Rectangular Room (Case 7) 
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Pig. 36 Effect of Variations in Bounding Wall Material Propertie 
on the Pressure Tims History at Receiving Point X> for Single Cycle 
N-shape Pulse in Rectangular Room 
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Fig. 38 Effect of Variations in Bounding Wall Material Propertio 


on the Pressure Time History at Receiving Point F for Single Cycle 
N- shape Pulse in Rectangular Room 
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Pig* 39 Effect of Variations in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point G for Single Cycle 
N-shape Pulse in Rectangular Room ■ 






Fig. % 0 . Effect of Variations in Bounding Wall Material Properties 
on the Pressure Time History at Receiving Point H for Single Cycle 
H- shape Pulse in Rectangular Room 






Pig. ij.1 Effect of Variations in Bounding Xtfall Material Propertie 
on the Pressure Time History at Receiving Point I for Single Cycle 
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Pig. I|5 Pressure Time History, for Extended Time at Receiving Point E for 


Single Cycle Sinusoidal Pulse in Rectangular Room (Case 3) 
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Some noticeable aspects of these pressure 
time histories are discussed in the following sections with 
a note on the problems that are encountered in specifying 
the proper boundary conditions for the problem. 

PROBLEMS ENCOUNTERED IN BOUNDARY CONDITION 

SPECIFICATION 

A survey of the existing room acoustic 
theory indicates that a customary procedure is to describe 
the pressure field in an enclosure in terms of normal modes 
(Morse, 19144)* and to consider the pressure at a receiving 
point to be the summation of the contributions from each 
excited normal mode of vibration. In such an analysis, based 
on the concept of 'frequency space*, the large number of the 
excited modes are subdivided into a number of subgroups 
having common properties. As shown by Hunt ( 1939 ) the 
complete decay equation, when assembled, contains one decay 
term for each subgroup and each term contains the number of 
modes of vibration, weighting factor, and an exponential 
decay factor. The expressions in the frequency domain are, 
by themselves, fairly useful, for example, in the case when 
the data about the incoming wave is available, and the 
spectrum of the system response is to be calculated. However, 
recently there is an increasing interest in obtaining the 
solution in the time domain; one common example that can be 
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cited is the study of the loudness of an acoustical signal 
from a dual point of view, both subjective and structural. 
From the subjective point of view it is the earlier part of 
the time history of the response signal, inclusive of the 
details of the rise time, that receives the highly favourable 
weighting; ■whilst it is the overall response that is of 
importance from the structural point of view. 

Transitional Characteristics 

The hitherto common technique of obtaining 
the transitional characteristics of an enclosure is the 
application of the methods of operational calculus, as 
explained by Morse (191|4). It assumes the knowledge of the 
steady state response of the system to an Input of, say, 
unit amplitude. In brief, it consists of evaluating the 
response of the system to either a delta excitation or a 
unit step excitation using the Fourier and the Laplace 
transforms. 

Let X(u?) e"^^^ be the steady state 
response of the system to an input of unit amplitude e“ iuj,t ; 
then its response X^ (t) to a delta excitation 

/*> 

5 (t) = J (1/2 7c) e" iu,t dv ( 4. ) 

is given by 


lit 


/ .KJ i UP t 

(1/27 l ) X(w } a " ^ ( 5 ) 

- ^ 

and to a unit impulse excitation 

r 

H(t) =. I (-l/2jriw>) e" 1 ^ d(-> ( 6 ) 


is given by 


^(t) 



(-1/27C i uf ) XCu> J e -il - Pt dup ( 7 ) 


“<50 

Substitution of 

s - - itj 

& X(s) =, X(ia) - X(up> ( q } 

in Eqs, 5> and 7 above gives 


X (t) = %~ 1 [ X( a )j 

XgCt) - ^ X( s )/ a j ( 9 ) 
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Thus the method essentially reduces to the following three 
steps : 

I. Formulating X(s) from X(us>), using Eq. 8 

-1 -1 

II# Finding either % ^X(s)j or ^ [X(s)/s| 

III. Using appropriate convolution relationship to 
find the response to a given function f(t). 

Even with availability of an extensive 

-1 , _ ; 

collection of formulae to obtain % [X(s)j fromX(s), 
such as that edited by Erdelyi (l95i{.), the applicability of 
this method is limited to a class of problems where the ! 
forcing function f(t) is expressible in a suitable analytical 
form. In this regard the proposed Monte Carlo technique is 
more general, being able to handle any arbitrary forcing 
function, since in this method no transforms are involved, 
the complete evaluation is in the time domain itself. 
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Absorption Coefficient & Acoustic Imoedence 



Pig. 5l* Sound Incident on a Layer of Material 

When sound impinges on a layer of material, 
part of its incident energy is reflected while the remainder 
penetrates the material and is either absorbed or transmitted 
The amount reflected from the porous material is usually 
small, there the absorption may be large depending on the 
thickness. On the other hand from a solid surface such as a 
plastered tile, 95 % or more of the sound is reflected and 
very little is absorbed; any transmitted sound for this 
case would be entirely due to the vibrations of the surface 
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generated by the Incident wave. "Taking the intensity of the 
transmitted sound to be negligibly small it can be shown 
that the absorption coefficient a can be expressed as 

a - 1 - ] rl 2 ( 10 ) 

where r is the complex reflection coefficient defined as 

r =.p r /p^ '■=. (z cos 6 - fcl/lz cos0 ( 11 ) 

z is the specific acoustic impede nee at the point, and 
is expressed as 

Z SL p/u = + + Up) ( 12 ) 

Ui & Up are the particle velocities in the direction 
of the reflecting surface due to the incoming & 
reflected waves resp. ■ 

0 is the angle of incidence. 

In general, the specific acoustic impedance z, given by 
Eq, 12, is a complex quantity, its real part giving the 
component of the normal particle velocity at the surface 
which is in phase with pressure. In the results reported in 
this work the reflection coefficient was considered to be 
real. In the Konte Carlo technique account can be taken of 
both' the resistive and reactive components of r, by tracing 
the ray that is being followed inside the solid surface, at 
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the incident point, before it gets reflected off the solid 
surface. This does not present any major difficulty, and the 
procedure outlined in the preceding chapter can be modified 
suitably. 

When working in the time domain instead of 
the frequency domain the main difficulty would be in correctly 
specif ing the boundary conditions. As stated earlier since 
the rooma acoustic theory based on the Normal Mode approach 
is in the frequency domain, the material specification is 
available as a function of frequency. For example, a fair 
approximation to the impedance of rigidly backed commercial 
sound absorbents is given by 

z - g - i cot (upd/c) ( 13 ) 

where g is a constant independent of frequency 
d is the lining thickness. 

A deeper study aided by experimental verifications would be 
essential in transforming such a boundary condition to the 
time domain for its eventual use in the Monte Carlo technique. 
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DISCUSSION OF THE RESULTS 

Every room, except those enclosed by 
totally absorptive boundaries, is a resonant chamber capable 
of being excited into resonant vibration of one or many of 
triply-infinite series of frequencies, these frequencies 
being determined by the dimensions of the room and the 
velocity of sound. For a rectangular room these are given by 
the well-known Rayleigh formula ‘ 

i> M = (c/2) | ^ (mj /Lj) 2 } 

j = l 

where itu's are any non-negative integers (Chapter 6) 

L^ r s are the dimensions of the room (Fig. 12) 

< X, 2, 3 ) 

In a rectangular room shown in Fig. 12, for which the calcul- 
ations are presented, the resonant or normal modes of 
vibration have frequency values shown in column 5 of Table X, 
calculated based on the value of c as 1100 ft/sec. Columns 2, 
3, and 1^. of Table I give the Xl, X2, and X3 order numbers of 
the normal modes. It is seen that there are 63 such normal 
modes with frequencies lower than 50 cycles, and several 
hundred modes with higher frequencies. Whenever sound is 
produced in such a, room, at least one, and usually many, of 
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Table I. Normal Mode Frequencies 


Resonance Impressed Freq. cps 

Freq. cps Hect^ Sinusoidal N-shape 


SI. 

No. 

m l 

m 2 

m 

1 

1 

0 

0 

2 

0 

1 

0 

3 

1 

1 

0 

k 

2 

0 

0 

5 

0 

0 

1 

6 

2 

1 

0 

7 

1 

0 

1 

8 

3 

0 

0 

9 

0 

1 

1 

10 

1 

1 

1 

11 

2 

0 

1 

12 

0 

2 

0 

13 

3 

1 

0 

34 

1 

2 

0 

15 

2 

1 

1 

16 

2 

2 

0 

17 

3 

0 

1 

18 

0 

2 

1 

19 

3 

1 

1 

20 

l 

2 

1 

21 

3 

2 

0 

22 

2 

2 

1 

23 

0 

0 

2 

24 

0 

3 

0 

25 

1 

0 

2 

26 

1 

3 

0 


5.000 5.000 

8.333 

9.718 

10.000 
12.500 
13.017 
13463 

15.000 15.000 
15.023 

15.833 
16.008 
16.667 
17.159 
17.400 
18.047 

19-437 

19.521 

20.833 
21.230 
21.425 
22.423 
23.108 

25.000 25.000 
25.000 

25.495 

25.495 


5.000 5.000 


10.000 


15.000 


20.000 


25.000 
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Table I (continued) 


si. 

No. 

*1 

m 2 

m 3 

Resonance 
Freq. cps 

27 

3 

2 

1 

25.672 

28 

0 

1 

2 

26.353 

29 

1 

1 

2 

26.823 

30 

2 

0 

2 

26.926 

31 

2 

3 

0 

26.926 

32 

0 

3 

1 

27.951 

33 

2 

1 

2 

28.186 

31+ 

1 

3 

1 

28.395 

35 

3 

0 

2 

29.155 

36 

3 

3 

0 

29.686 

37 

2 

3 

.1 

29.686 

38 

0 

2 

2 

3O.OI4.7 

39 

3 

1 

2 

30.323 

40 

i 

2 

2 

30. 460 

41 

2 

2 

2 

31.667 

42 

3 

3 

1 

31.722 

43 

3 

2 

2 

33-583 

44 

0 

3 

2 

35-356 

45 

1 

3 

2 

35- 708 

46 

2 

3 

2 

36.743 

47 

0 

0 

3 

37.501 

48 

1 

0 

3 

37.832 

49 

3 

3 

2 

38. 406 

50 

0 

1 

3 

38.415 


Impressed Preq. ops 


Double 
Rect . 


Sinusoidal N- shape 



30.000 


35.000 35.000 
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Table I (continued) 


Si. 

No. 

*1 

m 2 

m 3 

Resonance 
Freq. cps 

Impressed Freq. 
double 

Sect. Sinusoidal 

5i 

1 

1 

3 

38.739 


52 

2 

0 

3 

38.811 


53 

2 

1 

3 

39.696 


54 

3 

0 

3 

40.389 


55 

0 

2 

3 

41.038 


56 

3 

1 

3 

41.240 


57 

l 

2 

3 

41.341 


58 

2 

2 

3 

42.238 


59 

3 

2 

3 

43-693 


60 

0 

3 

3 

45-070 

45.000 

61 

1 

3 

3 

45.347 


62 

2 

3 

3 

46.166 


63 

3 

.3 

3 

47.501 



cps 

N- shape 


46.000 


45.000 
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these resonant vibrations are excited. The resulting sound 
pattern in the room is a composite of the sound radiated 
directly by the source and the resonant vibrations excited by 
the source of sound. 

Reference to Pig. 11 and Eqs. 1 to 3 above 
indicates that the source configurations that are under 
consideration are characterized by specific frequency values 
shown in Columns 6 to 8 of Table I. Since the sinusoidal 
pulse is a ’pure tone’ one it has a single frequency, although 
this frequency is the fundamental frequency, the double 
rectangular as well as the N-shape pulse have additional 
higher harmonic ’over tones’. In ar< specific case chosen(Fig. 11 ) 
the fundamental frequency of the source coincides with the 
normal mode of Si. No. 1 , and as a result this particular 
normal mode is strongly excited making the room to ’sing’ or 
resonate at this frequency. This is true for all the three 
configurations of the source (Pig. 111. In case of the double 
rectangular shape pulse Si. No. 8 , 23, 14, 60, etc. and in 
the case of the N-shape pulse Si. No. Jj., 8 , 18, 23 , 38 , 14, 

60 , etc. are the additional normal modes that would be 
excited strongly in this room. 

Depending upon the type of the standing 
waves they represent the modes are classified as the axial, 
tangential and oblique. It could be expected from the 
existing room apoustic theory that the earlier part of the 



124 


pressure time history would be dominated by the axial modes. . 
With the passage of time, the tangential and axial modes 
would be generated to a substantial extent, and the field 
could. be more. &: more diffused. The transitional period 
representing the pressure build-up extends from the instant 
the source is initiated to the commencement of the steady 
state. During the build-up stage the motion is quite complic- 
ated by the continuous shift that takes place from the 
natural frequencies of the standing waves to the forcing 
frequency of the source. In the investigation of the responce 
of a rectangular room to a sonic boom signal in the time 
domain, Vaidya (1969) has found that the earlier part of the 
time history resulting from the build-up of the modes is 
typically of the form as shown in Fig. 52 , where the ordinate 
is proportional to the pressure value. The Monte Carlo 
results (Fig. 13 to 50) are seen to be in confirmity with 
this. 

When the sound from a source in an enclosed 
space is suddenly stopped, it is wellknown that the sound 
appears to die away slowly rather than immediately. When the 
driving ceases, due to the energy stored up in the system, 
oscillations persist and again there is a transitional period, 
known as the decay period, in which the motion is complicated 
by the shift from the forced frequency, the frequency at 
which the system was vibrating during the steady state, to 
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the natural frequencies of the standing waves. 

In cases where the two or more eigento nes 
have their natural frequencies closer than the average 
spacing the corresponding standing waves may be excited 
strongly. The interference and the beating effects between 
the nearest modes of vibration explain the peaks or irregula- 
rities exhibited in the pressure time histories of Pigs. 13 
to 50 and Pig. 5>2. After the source cut-off the total sound 
energy in the room will not fluctuate, but at any given 
point in the room, the pressure will fluctuate because of the 
interference between the normal vibrations; particularly in 
the case of excitation by only a few frequencies the fluctua^ 
tions produced by such interference may be important. To 
describe the observed irregularities in sound decay curves 
Watson (194-6) uses the term Modulation* defined as the 


deviations of the sound decay curves from a simple exponential 
decay irrespective of the cause or the nature of the deviations. 
The theory and experiment (Beranek 1971, Knudsen 1967 , Watson 
1946, Jones 1940) indicate the following three primary reasons 
in the modulation of the sound decay curves 

1. The presence of beats produced by the interference 
among the resonance frequencies of the room 

2. The occurence of multiple decay rates resulting 
from the shape of the room or the nonuniform 
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distribution of absorption on the walls 
3. The abrupt changes in the pressure due to the 
passage of the terminations of the wavetrains 
from the source,..;.’.. 

An alternative approach to visualize the 
situation that prevails during the transitional period is to 
attempt to follow' the sound waves around the room as they 
are reflected back and forth from the walls (Bolt 1950 ). In 
essence this method consists of replacing the effect ; of the 
boundaries of the room by an infinite array of image sources . 
(Pig. 6 ), each image corresponding to one of the multiple 
reflections of the original wave emitted by the source. 

Using this approach of multiple reflections in conjunction 
with the Laplace Transform technique Mintzer ( 1950 ) has 
presented a method for the description of a transient pressure 
field in a rectangular room. Figure 53 presents his results 
showing the variation of the pressure at the receiving point 
(33 1 >33 ’ *22 1 ) in a r00 m (Fig. 12) due to. a point source of 
double rectangular pulse shape(Fig. 11b) when all the walls 
are perfectly reflecting. The corresponding pressure curves 
obtained by the application of the Monte Carlo technique are 
seen in Fig. 13 . Monte Carlo results are seen to be in 
qualitative agreement with the Mintzer f s results but their 
quantitative comparison cannot be offered because the 




Pig, 53 Pressure Time History at Receiving Point (33? 1 33' » 22' ) for 
> Single Cycle Double Rectangular Pulse in Rectangular Room (Case l) 
Mintzer 's (1950, Pig. 9, p. 350) Results 
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normalization factor used in the Mintzer's results is not 
available . 

Consider, for example, Fig. - 13.1. It shows 
the, mean pressure values, with plus and minus one standard 
deviation, obtained from the Monte Carlo application, at the 
receiving point D, for Case 1, when the source Is of the 
double rectangular shape (Fig. 11a)* The mean pressure curve 
of Fig. 13.1 Is one of the constituent curves shown in 
Figs. 13 and 13>. The initial build-up of the pressure that is 
observed (Fig. 13.1) is the result of the multiple reflections 
of the pressure waves that appear in the lossless medium. It 
is also noticed that in the latter portion of the observation 
period the rate of the pressure build-up is not that high as 
it was in the first half; this is because the effect of the 
pressure wave reflections from the negative half of the 
source cycle, now, partly balances the continued build-up 
from the positive half. After the source cut-off at 0.2 secs, 
the pressure is seen to fluctuate at a frequency that is not 
very much different from the forced frequency, coincident 
with the strongly excited normal. mode of Si. No. 1 (Table I), 
but around the mean pressure value of 2.8 E -6, which is 
the level of the expected adiabatic pressure rise referred ^ 
to earlier and marked in Fig. 13 . 
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In the Mintzer's method each reflection at 
the boundary wall is described by means of a unit function 
with a suitable retarded time argument and results in a 
series of integrals in a transformed space. The terms of the 
series are in the form of plane wave expansions around the 
image source points. At a given time the series is seen to 
possess a finite number of nonzero terms. It is obvious that 
the Mintzer’s method can be applied to oases where the images 
can be found analytically. It is in very few special cases 
will the images be the 'mirror images*. Even in these 
special cases the calculations are quite involved requiring 
to be able to obtain the transforms; subsequently the 
integrals are approximated by the method of the steepest 
descent. In contrast the calculations in the Monte Carlo 
method are very simple . 

Consider Pig. 13 again. Until the source 
cut-off, which occurs at 0.2 secs., the pressure values at 
all the six receiving points D, E, F, G, H, & I are on 
increase, although at different rates, but later, more 
specifically during the interval 0.20 to O.32 secs., the 
pressure values are seen to be above the expected adiabatic 
pressure line for the receiving points D, E, & F whilst 
below that line for the receiving points G-, H, & I. This 
behaviour can be explained on the basis of . the following 
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physical reasoning. The decay at a point that results after 
the source cut-off consists of a series of discrete changes 
in the pressure level resulting from the passage of the 
termination of the wave trains from the source and its first 
few reflections. The drop due to the passage of the wavetrain 
termination from the source is probably the most important, 
since the wavetrains from the images have various phases 
and amplitudes and hence do not necessarily recombine to 
give the same abrupt change at the receiving point. For the 
case shown in Fig. 13, viz. Case 1 , there is no absorption at 
the walls. In such a case since the various wave trains set 
up a well-defined standing wave system it is possible that 
the passage of the termination of the wavetrain from the 
source may change the pressure at the receiving point from a 
node in the standing wave system to a loop. Thus the pressure 
at the receiving point may rise by a discrete amount at the 
beginning of the decay; or in a similar manner, may fall by 
a discrete amount if a loop is changed into a node at the 
receiving point. 

Another point that can be noticed from 
Fig. 13 is that the first local peak on the pressure curve 
occurs at the receiving point F. at O.OI 4 . secs, and not at the 
receiving point D which is nearer to the source (Fig. 12). 

This is to be expected because the receiving point F is in 
the vicinity of one of the corners of the enclosure and as a 
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consequence it receives the contribution from the reflected 
pressure wave much earlier than any other receiving point. 
This statement is substantiated by another observation that 
the first pressure peak, seen on the curve for the receiving 
point P in Pig. 13 is absent from the corresponding curve in 
Pig. ll±, It is recalled that Pig. ll|l is for the Case 2 where 
the side wall WL1 (Pig. 12) of the enclosure is 100 % absorp- 
tive and as such there can be no reflected wave from this 
wall. 

In Fig. 14 , at any receiving point, the 
pressure does not build up to as high a value as It does in 
the perfectly reflecting case (Fig. 13 ). In Pig. lij. the 
pressure soon drops to zero. The pressure value in Pig. llj. 
is seen to be very nearly same at all the six receiving points 
D, E, F, G, H & I around O .36 secs. Such a phenomenon is 
noticeable in Pig. 13 also. - 

Figure 15 shows the effect of variations in 
the bounding wall material properties on the pressure time 
history at the receiving point D when the source is of the 
double rectangular pulse shape. At any given time the highest 
pressure level is marked, as to be expected, by the pressure 
curve corresponding to Case 1, all walls perfectly reflecting; 
this particular curve is seen to be an enveloping curve 
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of the pressure values as a function of time that can possibly 
be attained in this chamber at the receiving point D for the 
particular source configuration (Pig. 11a) that is under 
investigation. 

Consider, now, from Pig. l£ the individual 
pressure curves corresponding to Case 1, Case 2 and Case 3. 

In Case 1 all walls are perfectly reflecting, here the 
reverberant field generated from the initial portion of the 
positive half of the source cycle builds up to mask completely 
the wave field generated from the remaining portion of the 
positive half of the source cycle, the negative half of the 
source cycle and the source termination. In Case 2 the side 
wall WL1 is considered 100 % absorptive, and in Case 3 the 
ceiling i. e. wall WL6 is 100 % absorptive, while the other 
walls are perfectly reflecting. Some of the effects of sound 
absorbent materials is shown by these three curves. In Case 2 
the pressure does not build up, as pointed out earlier, to as 
high a value as it does in the perfectly reflecting case 
(Case l), while in Case 3, where the area of the absorbent 
material is still larger, the maximum value of the pressure 
is even less. In the curve corresponding to this Case 3 the 
pressure soon drops to zero point and then goes to negative, 
thereby showing that the wall reflections due to the first 
half of the source cycle are not sufficient enough to mask 
totally the latter part of the wave that comes from the 



negative hair of the source cycle. A look at Figs. 16, 23, 

29 and 36 reveals that this is true, as to be expected, when 
the source configuration is of single cycle sinusoidal or 
N- shape pulse. 

Figures 1.6 to 22 show, for Case 1 to Case 7 
respectively, the composite pictures of the pressure variations 
at the six receiving points D, E, F, G-, H & I when the source 
is a point source with single cycle sinusoidal pulse configu- 
ration. The value of the expected adiabatic pressure rise 
shown in Fig. 16 for the sinusoidal pulse is 2/7C times that 
was found (Fig. 13) for the double rectangular pulse.- A very 
striking indication from the Monte Carlo results of Figs. 16 
to 22, common to all of these, is that after the source 
cut-off at 0.20 secs, the time interval between, say, 0.22 
to 0.3li secs, roughly corresponds to half cycle length of 
the pressure vibrations that prevail in the region under 
investigation. This is in confirmity with the earlier 
observation that when the source is of sinusoidal configuration 
as shown in Fig. lib, the pure tone source, in principle 
although a large number of vibrational modes are excited, it 
is the mode with Si* No. 1 of Table I that becomes predominant, 
its frequency being coincident with the source frequency of 
5 cycles. 
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A comparison of any particular curve from 
Pig. 16 or 17 with the corresponding curve from Pig. 13 or 
II 4 . indicates tht the number of local pressure peaks, referred 
to above as ’modulations’, is larger and at the same time 
much more pronounced for the double rectangular case than 
for the sinusoidal case, the reason being the rectangular 
pulse has, in addition to its fundamental frequency of 5 
cycles, higher harmonics of frequencies (Table I) 15, 25, 

35 9 K5> etc. and the normal modes that are in the vicinity 
of these overtones are also excited strongly. This can be 
seen more clearly from Pigs. 13.1' f llj..l, 16.1 &17.1 which 
indicate separately the constituent curves for the receiving 
point D of Pigs 13 , llj., 16 & 17 respectively. The more 
absorbent area in Case 3 makes the pressure values more 
negative in Fig. 18 than in Pig. 17. 

Figures 23 to 28 indicate, for the receiving 
points D, E, F, G, H & I respectively, the effect of variations 
in the bounding wall material properties when the source is 
a point source with a single cycle sinusoidal pulse configu- 
ration. The curve corresponding to Case 1 , all walls perfectly 
reflecting, forms the enveloping curve representing the limit 
pressure values. The lowermost curve is for the Case 3 where 
the absorbent surface is large . 
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A comparison of Figures 29.1 & 30.1, which 
show the constituent curves of Figs* 29 Sc 30 separately for 
the receiving point D , with Figs.. 13. 1 & II 4 ..I indicates that 
the number of modulations referred to earlier is larger when 
the source configuration is of N-shape than when it is of 
the double rectangular shape; this being due to the fact that, 
as shown in Table I, the N-shape configuration. has additional 
number of higher harmonics with the frequencies in the 
neighbourhood of some additional groups of normal modes. 

Expressing the transient pressure response 
curves, obtained from these Monte Carlo calculations, as 
the Fourier series with the same fundamental frequency as 
that of the input and utilizing the approach presented 
by Walters (1950) that makes use of the matrix method for 
numerical evaluation of the coefficients it is possible to 
find the transfer functions for the system. This approach 
of Walters is specifically aimed at the expansion of a 
finite part of the nonperiodic function into Fourier series. 

In the present study such an evaluation of the transfer 
functions for the system was not undertaken but the experi- 
mental results, reproduced in Fig, that were reported 
originally by Bhatt (1939) seem to have a bearing on this 
subject . 
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Pig, 5k Typical Resonance Response Curve 
(Bhatt, 1939s Pig, 1, p. 68) 


138 


The linear dimensions of the room shown in 
Pig. 12 and that for the results of Fig. 54 are in the ratio 
2,5 * 1.5 ; 1 and 2.58 : 1.7 : 1 respectively; whilst their 
maximum dimensions are in the ratio 26.9 • 1. A comparison 
of the mode designation integers on the resonance peaks of 
Pig. 54 with those in Table I shows that the order of 
occurrence of the normal modes is very nearly the same in 
both these cases, but for the use with the room shown in 
Pig, 12 the frequency scale in Pig. 54 needs to be multiplied 
by a factor 1/26.9. Thus for example, the first mode 1,0,0 
then occurs at the frequency 130/26. 9 = 5* 018 which is in 
agreement with the value shown in Table X. 

Figure 54 shows that the effect of placing 
the absorption material on the floor, corresponding to Case 3 
in the present study, is the drop in intensity of the first 
five peaks, all these with m^ = 0, and the merger of the 
higher frequency -peaks in a uniform response. The effect of 
placing the absorption material on the side wall, correspond- 
ing to Case 2 in the present study, is to merge the higher 
modes as before, but the loss of intensity is not as much as 
in the previous case due to a smaller absorption area. The 
wave corresponding to the normal mode 0,0,1 is normally 
incident on the floor and grazes the side wall. Thus when the 
material is on the side wall its absorption is small but is 
quite high when the material is on the floor, this is the 
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reason pointed out by Bhatt for the absence of the peak 
corresponding to the 0,0,1 mode from the solid line curve of 
Pig. 54* 

. According to Strutt (1929 ) in acoustics 
the room can be classified as a ’large room’ only when the 
condition existing in a given room is such that the first 
free frequency of oscillation is very small with respect to 
the forced frequency. This clearly shows that even with the 
large dimensions (Pig. 12), the room that is considered 
here cannot be labelled as a ’large room'. The Monte Carlo 
calculations are not restricted to any particular class of 
room, large or small. 

The four walls WLl, VJL2, VL3 & WI4 (Pig. 12) 
forming the two corners with the receiving points P & I are 
perfectly reflecting in Case 1 & Case 6; thus in these cases 
at the points on these walls, or in particular roughly in the 
vicinity of the receiving points F & I there are the velocity 
nodes which are equivalent to the pressure extremals. This is 
the reason why for the most part of the observational period 
in Pig3. 13, 16, 21, 29 and 34 - the pressure curves correspon- 
ding to the receiving points P & I form, the enveloping curves 
indicating either the maximum or the minimum pressure values. 

The effect of varying the wall material 
properties for the M-shape source conf iguration is seen in 
Pigs. 36 to 4.1 at the receiving points D, B, F, G-, H & I resp. 



llj.0 

As is expected, for most part of the observation period, the 
uppermost curve is that corresponding to Case-.l where all the 
walls are perfectly reflecting; whilst the lowermost curve is 
the one that corresponds to Case 3 where the area of absorption 
is maximum. 

The modulations of the decay curve and the 
beat notes that result after the source cut-off are seen more 
clearly in Pigs. Ij.2 to- 50; these are the pressure curves for 
an extended time period of 0.8 secs., four times the source 
time period T^, at the receiving point B which is in the 
vicinity of the geometrical centre of the rectangular room. 

All of the odd modes of vibrations have the pressure nodes 
at the centre of the room , and hence will not contribute to 
the pressure value there. Figures 42, 43 & $0 are for the 
Case 1 where all the walls are perfectly reflecting and 
there is no loss in the medium. As ‘time advances more and 
more reflections arrive at the receiving point making the 
sound field directionally and spatially diffuse. Filing up 

of energy takes place at a set of frequency values close to 

\ 

which , there are number of normal, modes . Indicated in these 
figures are the expected adiabatic pressure values in each 
case of the source configuration. Considerable absorption 
that is present in' Case 2, Case 3 and Case 7, for example, 
is the cause for the drop in the pressure intensity that is 
seen in Pigs. 44, 45 & 49 . The nature of these, figures can be 
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explained on the basis of the interaction of two adjacent 
modes with the help of the exper imental observations first 
reported by Knudsen (1967) and reproduced in Pig. 55* 

In a rectangular room of dimensions 
30* x 19 * x 24 r by making oscillograms of two separate modes 
0,2,0 (37*439 cps) and 1 , 0,1 (37*662 cps), and then taking 
account of the changing phase differences and the different 
rates of decay Knudsen has verified that the intermediate 
curves in the top set of seven curves in Pig. 55 are some 
typical decays resulting from the interaction of these two 
adjacent modes. 

In the bottom three curves of Pig. 55 the 
upper and lower records show the decay curves obtained by 
Knudsen for the two modes 0,4,0 (75*16 cps) and 2,0,2 ( 75.70 
cps) whilst the middle record is the interaction of these 
two modes obtained by exciting the room at the intermediate 
frequency of 75*54 cps . ; here the beat frequency corresponds 
precisely to the difference between 75.16 & 75.70 cps. A 
reference to Table I and the- decay curves, for example Pigs. 
4 2 > 43> 50, etc., shows that the Monte Carlo calculations 
are in general agreement with these observations of Knudsen. 

The above discussion establishes the 
qualitative agreement of the Monte Carlo results with the 
other known results; in the following chapter is presented a 




- The interaction of two adjacent modes. Ap is the differ- 
ence frequency between the two modes, and T is the period of the 
resulting beats. 



Fig. 5? The Interaction of Two Adjacent Modes 
(Knudsen, 1967, Fig. 6, p. 958) 



quantitative comparison using an analytical solution based 
on the Normal Mode method. 



Chapter 6 


PRESSURE FIELD INSIDE A RECTANGULAR ROOM 
NORMAL MODE SOLUTION 

The problem that is considered here is the 
investigation of the sound field inside a region bounded by 
rectangular walls using the normal mode point of view. In 
practical applications the walls of any enclosure possess 
certain amount of elasticity and heat conductivity. Inclusion 
of the finite elasticity and heat conductivity considerably 
complicates the solution of the problem. In order to visualize 
the situation more clearly, the side walls of the room are 
considered to be absolutely rigid, and non-heat conducting. 

The supporting medium inside the room is assumed to be 
homogeneous, and at rest initially. 

It is customary to describe the pressure 
field inside the rooms in terms of the normal modes, conside- 
ring the medium enclosed to be a three dimensional elastic 
body having its own natural modes of vibration, governed by 



the mechanical constant of the mass of the medium, and the 
boundary conditions on the enclosing surface. In other words, 
this is to consider the enclosed medium as an assemblage of 
resonators, standing waves that can be set into motion by 
the source, and that will die exponentially when the source 
is stopped. 

In this method the sound field inside a 
rectangular room is expressed as a sum of triply infinite 
set of eigenfunctions ; depending upon the type of the 
standing waves they represent, the modes are classified as 
the axial, tangential, and oblique. It could be expected 
from the existing room acoustic theory that the earlier part 
of the response field, characterized by the pressure time 
history, would be dominated by the axial modes; with the 
passage of time, the tangential and the axial modes would be 
generated to a substantial extent, and as a result the field 
would be more and more diffused. 

GOVERNING EQUATION 

Consider a pressure field caused by a simple 

point source, radiating from a given source position x in 

~s 

the region under investigation. It is governed by a nonhomo - 
geneous wave equation of the type 



[(i/c 2 ).0 2 /at 2 ) -v 2 ] p^t) - f d(t).i'(x r - 5s ) ( 1 ) 

where c is the characteristic wave speed 

pfjppt) is the fluctuating acoustical pressure at .a 
given receiving point at time t 
f is the mass density of the medium 
Q(t) is the strength of the source, measured as the 

volume of fluid introduced by the source per unit 
time . 

Consider, now, the point source characterized 
by a single cycle sinusoidal pulse(Fig. ll). Its mathematical 
representation is rewritten, using Eq. 2 of Chapter. 5, as 

Q(t). S (Xp-Xg) » [sin iZTtt / T J. - x g )] [l-H(t)] 

= ^ [ Q 0 ( ?s K e " 1 ^ t 1 Cl - H(t)} (2) 

where Re. represents the real part of the quantity involved 

Q 0 ( ; s } = - i ( 3 ) 

up is the circular frequency of the source, given by 

up . 2X / T p ( 4 ) 

T p is the source time period 

H(t) is the unit step function defined as 
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0 , t < T 

H(t} = P ( ^ ) 

1 > > T P 

Since the walls are considered to be rigid, the pressure 
field satisfies the boundary condition 

/ 3n) p(x r ,t) =0 on the boundary ( 6 ) 

where n is a direction normal to the boundary surface. 

The source is started at t ~ 0, and prior to that the quiescent 
condition exists; hence the initial conditions that need to 
be satisfied by the pressure field are the following two 

p(x r ,/0) =0 

(3/dt)p(x p ,- o) = 0 ^ 

NORMAL MODS REPRESENTATION 

The pressure field inside the region is, 
now, assumed to be expressible in terms of the normal modes 
of vibration of the system as 

p(x p ,t) = ^ ( 8) 

M 

■where °C ^ is the coefficient to be determined 

^ ^ is the orthonormal eigenfunction that satisfies 
the homogeneous Helmholtz equation 



0 


U*B 


V 2 


M 


( 9 ) 


2 

At is the corresponding eigenvalues or the mode 
M 

of vibration; since no energy is absorbed either 
in the medium, or at the walls, all Ac's are real 
(m^rig, m^) is an Integer Triad, 

It is seen that Eq* 6 is satisfied only when 


( 2/3 n ) ± 


•M- 


- 0 


on the boundary ( 10 ) 


Selecting the Cartesian coordinate system as shown in Fig, 12, 
and denoting the length, width, and height of the room by 
LI, L2, and L3 resp., the eigenfunctions satisfying Eqs. 8 
and 9 are expressed as 

~ eos(Dl.Xl) . cos(D2.X2) . cos(D3.X3) 

with - [ Dl 2 + D2 2 + D3 2 ] ^ 

where Dj = Tim. / Lj 

J - 

x = (XI, X2, X3) ( 11 ) 

/ GREEN«S FUNCTION EXPRESSION 

For the region bounded by the rectangular 
walls use can be made of the Green 1 s function expression 
given by Horse (1961 ), which when expressed in the present 
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notation takes the following form 


G ( k ' 5ri Is ) ~ 2 hi / * 


M 


M 


where fe=up/ 0 ~ 


( 12 ) 

( 13 ) 
( lit- ) 


is the normalizing factor, defined as 


N. 


M 


* M (x) 6X1 <** 2 dX3 .S 


N'* 


V 


MN 


Let 


(Ll L2 L3) . { t i L ) 


£ - 

s 


h 


l M 

H 

, for 
, for 


( 15 ) 


V is the volume of the enclosure. 

( — i fcvff ct 

Bj,£- (1/2 * M ) e / ( - w/ c) 


t e 


i K. m ct 

15 / ( f? M + w/ c ) 


=■ -[ cos ( k M ct) - i ( up/ o * M ) sin ( t? M ot ) ] / ^2 

( 16 . ) 
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Then the pressure field in the nondimensional form, for the 
interval 0 s t 5 T , can be expressed as 

p*U r ,t) = [Q 0 <x s )/o 2 |^e{-0(^[x r l x s ) e _:LUi ’ t -t B m I 

M 

= (l/o 2 )^A M sin(iJ>t)/(k. 2 -^ 2 ) 

M 

+ <fe/fc M ) sinlA^ct )/A jj 2 | ( 17 ) 

Differentiation of this expression partially with respect 
to t gives 


(2/«?t) P*(x r ,0) 


(^/o 2 ) £ hi / ^M 2 [l - 



( 18) 


Since M = (m^,m 2 , m^) is an Integer Triad, the summation 
over K is in fact a triple summation 

Co Go GO 

l - z r E 

• M - 0 m 2 - 0 m^- 0 

For a given source frequency, the wave number t?is a constant 
but the eigenvalue (Eq. 11 ) increases as the integer 
components take higher and higher values, and as 

a consequence, with the increase in the number of terms in 
the summation over M 
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1 / (l - 


This shows that the Bqv 18 satisfies the requisite initial 
conditions specified in Eq. 7 . It is also noticed that the 
pressure amplitude increases considerably as 


Ajl 


M 


te 


This case is investigated separately by the application of 
1 'Hospital’s Rule; the resulting expression is 


P%,,t) = (I/O 2 ) 


L 


Ay [ sint^t)/^ 2 - 
M 

+ +ik/ti K ) sin (KyCt)/^ 2 } 


+ (Ay/fe 2 ) [upt /2 - sin(U 9 t)| 


(A m ) 


( 0 S t T„ ■ ) 
P 


( 20 ) 


At t^T p the source is cut-off (Fig* ll), the subsequent 
pressure field is expressed as 



where the coefficients a^ and b^ are determined from the 
following two conditions at t= T 


P* ( 5r'V ) * P* ( *r‘V 

(3/at) p”(x r ,T T:)+ ) = (3/at) ) ( 22 ) 


It is readily shown that this leads to 


P*(x p ,t) - (l/c 2 ) £ A m jsin(upT p ). cos£^ M c(t-T p )J /(k 2 - Al^ 


M 


•+ (*/%) [ sin(k M ct)/^ M * 


+ cos(LPT p ) : . 3in[.fe M o(t-T p )]/(R 2 _ / u M 2 ))J 


( t > T p ) 
( 23 ) 


Appendix 5 provides the computer 
programme for these relations, with a printout of the 
computed results for the pressure field at the receiving 
point D (Fig* 12) (Case l)* The Normal Mode Solution results 
thus obtained are shown compared with the corresponding Monte 
Carlo solution re suits (Appendix 'ij. programme and the result 
printout ) in Fig * 56. 




Sinusoidal Pulse in Rectangular Room (Case l) Comparison of the 
Monte Carlo and the Normal Mode Solutions 



OBSERVATIONS 
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The Monte Carlo calculations of Fig. 56 
consisted of ten blocks totalling 50000 selected ray pulses, 
and took 211 seconds of core time (Appendix Ip on the CDC 61+00 
computer at the University of Virginia's Computation Center. 

The normal mode solution included from (l,0,0) upto (l5*15>*l5) 
and required 118 seconds (Appendix 5)« Therefore, computation 
times were comparable, although results of equivalent accuracy 
would have been obtained by the normal mode method with less 
modes and consequently less time. 

It will be seen from Fig. 56 that the results 
of the two methods are in general agreement, when it is 
considered that the normal mode solution should only be 
expected to be within the limits of plus and minus one standard 
deviation about 68$ of the time (Appendix 2). Using Eq. 15 of 
Appendix 2, the probable relative error in these calculations 
is expressed as 


where 


prob 


(0.68 /K( Pj *j) . (D 2 [pj*j / 

is the expected pressure value at the 
time index j 
is its variance 



N 


is the sample size 
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For each block the sample size N was 5000. Choosing J - 6^., 

for example, it is seen from the printout results of Appendix If. 

that 

Elp^*] - 2.10562361 E -06 and 
D 2 [p 61t *j - 6.806lf62lj.8 E -13 . 

Then the corresponding value of the probable relative error is 
S prob - 0.0038 . 

It is noticed that whenever the variance is large, the value 
of the probable relative error gets large. 


1 



Chapter 7 


MONTS CARLO APPLICATIONS TO ACOUSTICAL FIELD SOLUTIONS 

INSIDE A CURVED BOUNDARY 

INTRODUCTION 

In order to adapt the Monte Carlo technique 
that la developed in Chapter 3 to the cases of practical 
importance where the boundaries are not afc right angles, 
certain modifications become essential especially to cover 
such eventualities as the occurrence of possible focussing 
effects, the associated singularities, etc* in the region 
under investigation. Such modifications and the extension 
of the proposed Monte Carlo technique to cover the cases of 
curved boundaries, not necessarily of simple geometric shape, 
are considered in the present chapter. 

The problem of quantitative description of 
an acoustical field in a given region of curved boundaries, 
in the presence of acoustical sources, is basically similar 
to that identified earlier in Chapter 3. By specifying the 
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physical and thermodynamical characteristics of the supporting 
medium as well as the boundaries involved, and by utilizing 
the notion of the multipole sound sources for the generation 
of sound, a conceptual model is created to represent the 
given acoustical system. 

MONO POLS FIELD NOND JMSNSIONAL FORM 

Consider a representative monopole situated 
at a position, say, x (Pig. 2) in an unbounded medium. Its 
pressure contribution at a receiving point is given by 
Eq. 8 of Chapter 3. When considering the effects of curved 
boundaries it is more convenient to express this equation in 
a nondiroensional form. This is achieved by introducing a set 
of new nondimens ional variables defined as 

R* - R/a, = V»/a^, x^* = s^/a, * s / a 

& # •& -h* p 

t = ct/a, X = - ; cX/a, m = ra/f , p. p/f c { 1 ) 

where a is some characteristic length of the problem that 
is under investigation; for example, when considering the 
field inside a cylindrical duct, a can be conveniently 
chosen to be the maximum radius of the duct. Substitution of 
these variables in Eq. 8 of Chapter 3 results in an expression 
for the nondimensional pressure distribution caused by the 
source under investigation, and it is given by 
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p*Ui,*,t*) = {V'*/lptB*)‘( ^/^t* 2 ) m*(x g *, t;*) 

. = Q*( T*) / R* ( 2 > 

where Q (t ) = V* m (x ) / kTC 

s 

is the quantity that represents the strength time history 
of the energy source, 

ENERGY SOURCE FINITE INTERVAL TIME REPRESENTATION 

A typical strength time history of an 
acoustical point source is shown in. Fig. 57a. Its total 
period of activation 

Tp* = o * p / a C 3 ) 

where T^ is the source time period in seconds, is divided 
into a finite number of intervals 

2 np = T p * / AZ* ( 4 ) 

# 

where AX is a width of any individual interval. In each of 
these intervals the strength of the source is approximated 
as constant. The use of finite number of elementary pulses 
thus defined, as shown in Fig. 5Tb , then represents the 
required approximate finite time interval representation 
that is necessary for the Monte Carlo simulation. 




Nondixnensional Variables 
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such, that 


Wow considering i as an integral index 


i s i ^ 2 n p 


( 5 > 


it is seen that a pulse corresponding to it can be defined 
to be the one with 

strength 

and time of origin t^* = (i - AT* (6) 


Then with the use of Eq. 2 it can be shown that its pressure 
contribution at the observation point x^ is given by 

Pi *( 5i> * s t*) - 4 * 0 ^*) / H* ( 7 ) 

where the relation between the three variables t , tj* and R* 
can be very easily shown to be 

t* - t* + R* ( 8 ) 

or in other words 


where 



( 9 ) 


Recalling the definition given in Sq, l it is seen that an 
equivalent dimensional form of Sq, 9 is given by 


t^ = t - SH / c 


( 10 ) 
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Prom this relation and the relation given 
by Eq, £ of Chapter 3 it can be inferred that when t* is 
considered to be an instant at which the wave of pres stare 

* 

disturbance that was originated at the source position x , 
and at time arrives at the receiving point xj* , the time 
of origin given by Eq. 6 and the retarded time T* defined 
by Eq. 1 above and Eq. £ of Chapter 3 are synonymous. 

Since the pulse of index i produces, in the 

it 

immediate neighbourhood of the source position x a , a pressure 

■ — ‘S 

disturbance in a short interval, say, t^* to (tj* -t- £ ), its 

effect at any subsequent instant t*(>t i *) is localized 

within a very thin spherical shell with centre x * and 

~s 

radius R*( - t - t^ )• To be more specific, let a new variable 
* 

t m be introduced to represent the instant at which the 
disturbance wavefront that was originated at time tj* and at 
the source position x g arrives at the receiving point x^ ; 
then using a £ -function, the pressure contribution from the 
ir pulse given by Eq. 7 can be written as 

= to* / H m *) . £ (t* - t* - t^) ( 11 ) 

where Bjh* - R* = 1 xj* - x a *l 

is the distance traversed by the disturbance wave 

during the interval t-* to t * . 

i m 
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Now suppose that a given length of the 

transitional period, the period for which the solution is to 

be studied, is divided into J time cells, each of duration 
•s _ . # 


At . Let ) be the mean value of the pressure 

4fr . & A f-V, 

Pi (x^ ,t ) given by Eq. ll taken over the j a time interval; 


then 


J At 


- (1/At*) 


ij 


* 


3 At - 1 


# , •jt >)$■ > 4 

p i ^ dt 


* ' * * & 
- AT V / V At 


if the disturbance wavefront of the 
th 

i pulse passes through the receiving 
point during the j thl time interval 


otherwise 


(12 ) 


■When the length of the time cell A t* of the transitional 
period is considered to be the same as AT * the length of 
any individual sub interval used in the finite time interval 
representation of the energy source (Pig. 57); i.e. when 


* •£- 
At = AT 


( 13 ) 


Eq. 12 reduces to 



if the disturbance wavefront of the i ^ 
pulse passes through the receiving 
point during the time interval 

— 0 otherwise ( Ilf ) 

RAJ PROPAGATION IN A BOUNDED MEDIUM 

At every point in a medium the signal that 
describes the pressure disturbance propagates along a 
direction normal to the wavefront surface. The locus of this 
wavefront normal is the requisite trajectory along which the 
acoustical ray propagates. In general this is a function of 

I. Initial direction of any particular ray, 
emanating from the energy source 

II. Spatial variations of the physical and 
thermodynamical characteristics of the 
fluid medium 

III. Spatial variations of the geometric shape 
and the thermodynamical characteristics 
of the boundaries that enclose the region 
under investigation. 

Mathematical specification of these, as pointed out earlier, 
is essential in order to make the problem of the determination 



of the ray trajectory a determinate one; thereby enabling a 
formulation of a set of equations that defines the ray 
direction successively. 

When the medium under investigation does 
not extend to infinity but is bounded at finite distances 
from the energy source, it becomes essential to redefine the 
variable R , or R ffl , appearing in the above formulation, as 
the arcual distance, measured along the ray trajectory, 
starting from the source position x o to the receiving point 
position this takes into account any reflections from 

the solid boundary that might have taken place during the 
progress of that particular ray. 

RAY TUBS 

In the region under investigation, in 
general, the physical and thermodynamical variations are 
present; in the course of the ray trajectory, any possible 
eventualities resulting from such variations can be taken 
care of more conveniently by following not only a single ray 
but instead a small ray tube, consisting of a bundle of rays, 

that originates from the energy source, within a given 

elemental solid angle Ail, centred around a randomly selected 
ray (<K , (l ). Such a ray tube and its trajectory are shown 
in Fig. 58* At any point along its trajectory the variables 
that define such a ray tube are its spatial and directional 
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coordinates along with its weight; a ray tube weight is its 
intensity. is the initial weight of the ray tube that 
is used to characterize the randomly selected pulse with 
an integral index i, given by Eq. 5* 

In the present analysis it is assumed that 
the influence of the selected pulse is confined within the 
ray tube that is traced. Then this pulse can contribute 
towards the construction of a pressure field at a given 
receiving point in the region, only when such a point Is 
intercepted by the propagating ray tube. The pressure 
amplitude determined by the ray tube there would represent 
the extent of the pressure contribution from the ray at 
the time of such an occurrence . 

Ray Tube Divergence Factor 

* 

Figure 58 shows two receiving points x^ 
and Xp 2 that come tinder the influence of the propagating 
ray tube, in the course of its trajectory, after suffering 
a few collisions with the solid surface on its way. 

Let s^ and s 2 represent the ray tube 
cross-sectional areas in the nondimens ional form, normal to 
the central ray (°<r , p , f ); and let, in general, and n 2 
be the indices of refraction of the supporting medium at 
these two points x^-j* and respectively. Initially for 

the application of the proposed Konte Carlo technique, in 
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Pig. 58 Trajectory of the Ray Tube 
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the present work, a particular case of homogeneous medium 
is considered; then 

= n 2 - constant ( 15 ) 

throughout the region. In a more general case, depending on 

the extent of the variations in the refractive indices from 

one point to another, it would be essential to take the 

proper account of the resulting scattering effects. 

# 

If p^ is considered to be the pressure 
contribution from this ray (<* , ) at the position , 

then that at can be expressed as 

• DP12 ( 16 J 

where DF12 is the ray tube divergence (or convergence) 

. factor defined, in general, as 


DF12 = [ Uj. / l^). {3* / s*) j 3 ® 

( 17 ) 



*2 ~ t i t 1 5 p2 " 5?i 1 


- [t* + X*) T K* / DF 12 

( 18 ) 


being the arcual distance, measured along the 

ray(<=< ,/3 ,Y ) trajectory from the source 

& ■& 
position x fl to the receiving point x^ . 
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Variation In Ray Tube Cross-sectional Area 

It is seen from above that in order to 
estimate the pressure contribution at any point in the 
region it is essential to be able to follow the variations 
in the ray tube cross-sectional area during its lifetime, 

A number of alternate methods were investigated, the one 
that requires the minimal computational efforts is outlined 
below. 

This method consists of simultaneous 
following of three rays originating from the same source. , 

Out of these three, one is the random selected ray ( 9 p /jT );: 
whilst the other two are simply adjacent to it with very 
small elemental differences in their directional coordinates 
initially. At any point along the trajectory the area formed 
by the triangle with vertices corresponding to points on 
the se thre e rays the re now re pro sent s , who n normal i ze d , the 
required variation in the ray tube area. This variation, in 
general, is a function of the local geometry and the material 
characteristics of the region that is under investigation, 
and so at the latter stage of the trajectory there is a 
likelihood of these three rays being reflected from the 
surface positions with differing characteristics. This 
eventuality is reduced to a minium by holding the initial 
differences in the components of the directional coordinates 



or those three rays to an absolute minimum, -which in other 
words amounts to having the distances between these three 
rays, initially, as small as possible. As defined earlier, 
when the linear dimension is normalized by the maximum 
boundary radius, at a distance of the order of 0.5 from 
the source position, the initial ray tube area of the order 
of 1.0 B -25 magnitude has been tried. The technique that 
is developed for such a processing is dealt with in consider 
able detail in the following chapter. 



Chapter 8 


CURVED BOUNDARY PROBLEM 
RAY TUBE PROCESSING 

INTRODUCTION 

The estimation of the pressure at a given 
receiving point in the region under investigation is based 
on the study of the propagation of the ray tube, starting 
from a given source, in a material medium of known geometry 
and physical properties. The Monte Carlo technique that is 
developed for this purpose is quite general. It is explained 
here with the help of a specific problem of prediction of the 
transient acoustic field caused by a sound source inside a 
cylindrical duct. The procedure for a more general case is 
outlined In Appendix 6, 

MODEL SPECIFICATION 

The proposed Monte Carlo method, as pointed 
out earlier, is not restricted to cases where the bounding 
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surface is of simple geometrical shape; however, for clarity 
and definiteness in the presentation of the technique that 
is developed, the region that is selected for the first 
application is the one that is bounded by a cylindrical duct 
surface of circular cross-section, rigidly closed on the 
left and terminating on the right in a perfectly absorptive 
medium (Fig, 59). 

A small acoustic driver, mounted at the 
centre of the duct on the left bounding surface, is assumed 
to give an emission corresponding to a ’point source ’ of 
sound. 

With a view of presenting a tractable 
analytical solution for the same problem, thereby providing 
a quantitative evaluation of the results obtained from the 
application of the Monte Carlo technique, the cylindrical 
surface is considered to be perfectly reflecting, and the 
supporting medium is assumed to be homogeneous, being at 
rest initially. The main fe attire of such a medium is that, 
here, originating from the source, the ray tube propagation 
is essentially in paths composed of straight lines from one 
collision to another one with the bounding surface. 
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RAT TUBE VARIABLES 

For any ray the starting point is the 
position of the source, “which is denoted in the following 
formulation, for brevity, by 

?§*(l,2,3) = (XS 1 *, XS2*, XS 3 *) ( 1 ) 

In the particular case that is under investigation here, ' 
and shown in Fig. 59, the source position is coincident with 
the origin of the coordinate system. 

As explained In Appendix 6 the directional 
law that is applicable in this case is the Cosine Distribution 
LawDL(2). Let the unit vector in the direction of the 
randomly selected ray ) be denoted by 

DC_I(1,2,3) - (DC II , D0I2, DCI 3 ) ( 2 ) 

then the equation of this ray in parametric form, with D as 
a parameter, can be expressed, when the supporting fluid 
medium is homogeneous and is at rest initially, by the 
following set of equations 

XIX* = DC II . TJ 
XI 2* = DC 12 . U 

XI3* = DCI3 . TJ ( 3 ) 

XI*(1,2,3) = (XII*, XI2*, XI 3 *) 


where 
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is a point on the selected ray. The parameter U which is 
still undetermined is chosen such that this point XX (1,2,3) 
is a point that is common to the ray and a cylindrical 
surface of arbitrarily chosen radius 

AHEF* =0.5 ( 4 ) 

This results in a relation 

XII * 2 + XI2 * 2 =. 0.25 

which with Eq. 3 yields 

D 2 . (DC II 2 -f DCI2 2 ) =. 0.25 ( 5 ) 

Since the components of Eq. 2 are the direction cosines, 
they obey the relation 

DC II 2 + DCI2 2 + DCI 3 2 = 1 

which with Eq. 5 gives 

U = 0.5 / (l - ( 6 ) 

Let DCTL be the length of the duct, and A 

be its maximum cross sectional radius; then the geometrical 

variations in the radial direction (Fig. 59), when present, 

can be expressed mathematically by a definition of the local 

# £- . 

cross-sectional radius A1 (X3 ) as 
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A1*(X3*) =. AO* +• A2* . X3* ( 7 } 

where A2* - (1 - AO*) / X3MX* 

- (1 - AO*} . A / DOTL ( 8 ) 

The point XI*(l,2,3) defined by Eqs. 23 
and 20 is considered to be a reference point for the initial 
definition of the ray tube area, if the relation 

A1*{XI3*) > AKEF* ( 9 ) 

is satisfied. 

It is noticed that when the relation of 
Eq. 9 is not satisfied, the point XI*(l,2,3) Ho a outside 
the region, in which case it becomes essential to redefine 
the value of AHEF* in Eq, 4 and repeat the process until 
Eq, 9 is satisfied; when this is achieved, two additional 

points are defined such that 

\ 

rc*{^,5,6) - (xiii*,xi5*,xi6*) = (xii*,xi 2 *,xi 3 *+ dphi) 

XI*(7,8,9)> (XI7*,XI8*,XI9*) = (xil*+ DPSI,XI2*,XI3*) 

( 10 ) 

where DPHI and DPSI are nondimensional elemental lengths 
of absolutely small magnitudes; for example, the results 
presented in Chapter 10, later, use 
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DFHI = DPSI =- 1.0 E -12 ( 11 ) 

Originating from the source (Eq. l) two additional rays are 
made to pass through these points (Eq. 10), and defined the 
unit vectors in these directions as 

5GX(i;,5,6) = (DC Il|., DC Ig, DC 16) 

= (xi*(lj.,5,6) - xs*(l,2,3) | / / XI^Ol-,5.6) - XS*(1,2,3)1 
DCX(7,8,9) = (DC 17 , DC 18, DCI 9 ) 

= {XX*(7,8,9) - X3*(l,2,3)| /lxi*(7,8,9) - XS*(1,2,3)| 

( 12 ) 

This completes the identification of the three rays that are 
to be followed in the study of the variations in the ray tube 
cross-sectional area during its lifetime. 

Consider a triangle shown in Pig. 60. Let 
BO, Bl, B2, and B 3 be its three sides, and the semiperimeter 
respectively; then using Heron's formula its area is given 
by the expression 

Area [xd.2,3), X(l|.,5,6), X(7,8,9)j 
= ( B 3 . (B3 - BO) . (B 3 - Bl) . (B 3 - B2) } % ( 13 ) 
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X(7,8,9) 



Fig. 60. Area of a Triangle by Heron's Formula 

where BO = lx(l,2,3> - X(4,5,6) I 
Bl = I Xdt.,5,6) - X(7,8,9) I 
B2 = / X(7,8,9) - X(l,2, 3 ) I 
B3 =, %(B0 + B1 + B2) 

For the purpose of normalization of the 
ray tube, consider 

v . % . • , 

ARTO* = Area ^XI*(lj2,3)> XI*Uw5 t 6), XI*(7,e f 9)l ( ll). ) 

to be the reference ray tube area. It ia situated on a 
reference plane, which is at a distance 

REEF* = |XI*(1,2,3) -XS*(l, 2,3)1 ( 1$ ) 

from the source position; hence the pressure intensity there 
is expressible aa (see Sqs. 7* and 8, Chapter ?) 
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PREP* - PjL *( g*(l,2,3), TREE*) 

= Q* (TI*) / RHEP* 

where TREF* =. TI* + RREP* 

It is recalled that the nondime ns i on al time parameter TI~ 
is defined as 

TI* =1 o . TI / A ( 18 ) 

where TI is the time of origin of the selected pulse 
in seconds. 

After having these quantities as the 
initial specifications for the ray tube at the reference 
plane, the next logical step is to investigate what changes 
they undergo on meeting the solid surface of the enclosing 
boundary. 

COLLISION WITH THE BOUNDARY SURFACE 

For brevity, the three vertex points of 
the ray tube in the reference plane, and the direction 
coordinates of the three rays are designated, respectively, 
by 


( 16 ) 
( 17 ) 
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«*(J. Jti, 3+2) = (XI * y X1* J + 1 , XI* J+ V) 
M1(J, 3 + 1, 3+2) - (DCI r DCI j + 1 , DCI j + 2 ) 


(where j =. 1 , k> and 7 ^ ( 19 ) 

Let the points of collision of these three rays with the 
boundary surface be denoted by 

5?*(3, j+i, j+2) = Cxc*^ xb* , xo* j+2 ) < 20 > 

The equation for the cylindrical duct surface (Fig. 59) is 
given by 

F(X1*,X2*,X3*) = XI* 2 + X2* 2 - A1* 2 (X3*) =0 ( 21 ) 

*55* ^ 

where the local duct radius A1 (X3*) at the axial position 
X3* is given by Eq. 7 . 

The point of collision, given by Eq. 20, 
is common both to the ray and to the boundary surface; hence 
it satisfies the relations 


& * 
x° 3 - xi 3 


«• & 
xc. . - xr, , 
j + 1 j + 1 


4f- -K- 

® 3+2 ~ n 3*2 


LG I 


PCI 


3+1 


PCI 


3 + 2 


XC* 2 + XC* 2 + 1 - (A0*-H A 2* . XC* 3+2 ) 2 - 


0 


( 22 ) 
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From the first of these relations, the following set of 
equations follows 


XC* = A12 . (XC* . - XI* ,) + XI*. 

3 j+l 3+1 3 


( 23 ) 


»*j+2 - A 32 . (sc* j+1 - xl* ) + xt* 


where A12 = DCI^ / DGI^ , A32 * / VG1 yi 


Substitution of these in the latter relation of-Eq. 22i yields 
a quadratic equation for the determination of 


AA . XC*< . + 2 BB . XC* . - - CC = 0 
3+1 3+1 


( 24 ) 


where AA 
BB 


CC = 


= 1 + A12^ + (A2 . A32)^ 

= A12 . (XI* - A12 . XI* j+1 ) 

- A2* . [ AO* + A2* . (XI* J+2 -A32 . XI* J+1 ) j 

= [A0*+ A2* . (XI*j +2 - A32 . XI* j+1 )] 2 


- (XI* j - A12 . XI* X ) Z 


The two roots of this equation are expressed as 


XC 


* 


J+l 


UMX, or UMN 


( 25 ) 


where UMX 
UMN 


® max (UA, UB ) 


. / T+. 
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TJA = ( - BB + D ) / AA 

TIB ^ ( - BB - D ) / AA 

D - ( BB 2 + AA • CC )% 


Noticing that the vector draw from the point 
XI* t J» 4 + ^# 4 +2 ) towards the collision point 3 E*( 4 , j+ 1 # j+ 2 ) 
must necessarily point in the positive direction of the 
propagating ray, depending upon the value of the direction 
coordinate DCI^^, there result the following two cases : 

•* _ = mx 
+1 

( 26 ) 


Case 1 
Case 2 


■DCI J+1 > 0; then XC"^ - DM 


DCI. . < b; then XC* . = Vm 

3 +1 4 +1 


xc 




Substitution of thus selected value of 
in Eq, 23 completes the determination of the collision 


point XC ( 4, 4 + 1 , 4 + 2 ) . 


REFLECTED RAY 

Since Eq. 21 describes the cylindrical 
surface, the equation satisfied by the inward normal to the 
tangent plane (Pig, 6 l) at the point XC^( i, 4+1, 4+2) can be 
written as 




j8fr 


(XX* - XlS^/al = (X2~ - XC* j+ 1 )/a2 '= (X 3 * - XC* 


)/a3 
( 2 ? ) 




outward NORMAL 


F CX?*,U*.X5*>0 


TANGENT plane 


tangent plane 




INCIDENT RAY 
DCI(i,i+i, j+1) 


REELECTED ray 
OCR ( i 


inward NORMAL 
QCgN-'ii'i' l.4*A> 



where al, a 2, and a3 are the direction ratios given by 


al 

- - P x * - 

3 »*(3.3+l.3+2) 

-*™3 

a2 

= - v 

3+1 

^*(3, 3+1. 3+2) 

= ' 2X0 3 1 

*3 

= - F„-» 

3+2 

l?9*C3,3+l,3+2) 

= 2 (AO* t A 2* . XC*^ 2 ) . 

Let 

aO = (al 2 

+- a2 2 + a 3 Z ) i& 

( 28 ) 


then the direction cosines of the inward normal are given by 

= (DCN j( DCU j+1> DCK j+2 ) 

= (al/aO, a2/a0, a3/a0) ( 29 ) 

The angle of Incidence <=* is given by- 
cos =. -(DCI , . DON . + DCI, , . DCH, 

3 3 3+1 3+1 

+ DCI j. 2 - DC V2 } ( 30 } 

Since the angle of reflection is equal to the angle of 
incidence, the direction coordinates for the reflected ray 
can now be expressed as 

DC?(3,3+l,3+2) = (DGRj, DC!R j ^ :l , DCR j ^ 2 ) (31) 
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where DCR^ = DCI^ •+- (2 cos 

fork -J, J+l, and 3*2 

The knowledge of these now enables the location of any 
required point on the reflected ray. Let ~ - 

??*{ 3,3+1, 3+2 » = (XR* jf XR* jtl , XR* j+2 ) 

be a point that is common both to the reflected ray, and, say, 

it 

an imaginary cylindrical surface of radius HAD (Fig, 62); 
then the equations determining this point are 

XR* - XC* XR* - XC* XR* - XC* 

3 3 3+1 3+1 3+2 3+2 , 

= — = ( 32 ) 


DCRj 


DCR 3+i DCR 3 + 2 



CM **“»' 
* 

8 

+• XR*? .. _ RAD* 2 - 0 

3+1 

( 33 ) 

Let 

A12 - 

DCR , / DCR . , 

3 3+1 



A32 =. 

DCR 3+2 / DCR 3+1 



then Eq, 32 can be rewritten as 

”*3 = A12 * (XR *3+i' XC *3+l> + ^*3 
*** 1 + 2 * A 3 2 • <»* J+ 1 - + 3,2 


( 34 ) 
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Substitution of those in Eq. 33 gives a quadratic equation 
for XR*^ as 

AA . XR*j +1 +■ 2 BB . XR*j +1 - CC = 0 ( 35 ) 

where AA -- 1 *- A12 2 

BB = (X3* j - A12 . XC* j+1 ) . A12 
CC = HAD* 2 - (BB / A12) 2 

Hence ^j+l ~ mx ' • ov 01511 ( 36 ) 

where UMX = max (IXA, IB) 

TON = min (UA, DB) 

TJA = { - BB + D ) / AA 

UB > (, - BB - D ) / AA 

D =. ( BB 2 -+• AA . GC 

There are two possible points, each one 
lying on either side of the duct axis, of intersection of the 
reflected ray with the cylindrical surface of radius RAD*, 
let these be denoted by XRA*( j, j-t-1, J+2), and j, j+1, J+2), 

the former being nearer to the position XC*( j, j+1, j+2) 

(Pig. 63); then depending upon the value of the coordinate ; 

XC there result the following two cases : 


Case 1 : > 0; then 

^Vi - 

rax 

and 


DMN 



C a. 30 2 • XC 


J+l 


then 

1 = 

tJMN 

and 


tJMX 


( 37 ) 


Substitution of these values in Eq, 34 completely determines 
the two points j, j+l # J +2), and XRB*( j, j+l, j+2 ) on the 

reflected ray. An additional point on the reflected ray that 
can be obtained comparatively easily is its intersection 
point with the duct axis, The coordinates of this point 
are given by 


XRF* = XRF* . = 0 

i j-*-l 


XRF 




ji2 


XC 




3+2 


- (DCR . 0 / DCR, , XC 


* 


3+2 


3+1 


3 + 1 


. ( 38 ) 

The above analysis provides a technique for 
the successive determination of the points that are traversed 
by the ray tube during its propagation through the medium. 

If any of these points happens to be coincident with the 
given receiving point, then there it is necessary to evaluate 
the contribution to the pressure field from this ray. A 
procedure for this is developed in the following section. 
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PRESSURE CONTRlBtJTlOH AT THE RECEIVIBG- POINT 

The receiving points are the preselected, 
or the given, positions in the region at which the pressure 
field is to be determined. This pressure field is the 
radiation effect of the emission from the given acoustical 
source. It is recalled that in the Monte Carlo technique use 
is made of a finite number of elementary pulses, and the 
corresponding ray tubes with randomly selected ray directions, 
for the representation of the radiation effect of the source 
in question; the effect of any particular ray, characterizing 
the propagating disturbance signal, being considered to be 
confined within the ray tube. This clearly points out that, 
for a ray { , (2> , 'T ) to have a pressure contribution at a 
given receiving point, denoted by, 

XR*(1,2,3) = (XR1* , XR2*, XR3*) ( 39 ) 

the corresponding ray tube must necessarily encounter this 1 
point during its propagation through the region. 

The .occurrence of such an encounter is 
tested by localizing the receiving point with respect to the 
variable point on the ray trajectory. It is easily shown 
that for the ray tube to be in the vicinity of the given 
receiving point (Eq. 39 )» it is essential to have satisfied 
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one of the following two relations : 

XC3* < XR3* <- XRF3* 

( kO ) 

XRF3* < 3013* < XC3* 

where XRF*(1,2,3) - (3CRF1*, XRF2*, 3CRP3*) 

XC*(1,2,3) =. (3CC1*, 3CC2*, 3CC3*) 

are the latest points of intersection of the 
ray ( ) with the duct axis, and the duct 

boundary surface, respectively. 


The relation of Eq* 40 ensures the localization of the ray 
tube and the receiving point in question within two cross- 
sectional planes (Pig. 63 ) 

■tt « 

X3 = XHF3 W 


( U ) 


/ & 

X 3 = XC 3 


Test Sphere 

Consider a small elemental sphere, surroun- 
ding the receiving point (Eq. 39 ), with a nondimens ional 
radius £ , a preassigned small value, and the receiving point 
itself as the center. Along its trajectory, if the ray J ,<f) 
intersects the surface of this test sphere, the receiving 
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point is considered to be under the influence of this ray; 
and the pressure contribution is estimated* In addition to 
the value of the normalized ray tube area, the other variable 
on which the pressure contribution depends is the extent of - 
this ray penetration into the test ..sphere* It Is seen 
to be maximum when the receiving point lies exactly on the 
ray trajectory, in which case the ray penetration is twice 
the radius of the test sphere; on the other hand, the ray 
penetration, and hence the pressure contribution from this 
ray, is zero when the ray is either just tangential to the 
test sphere, or does not touch it at all* 

Penetration Distance 

Let (xl,x2,x3)» and (yl,y2,y3> be the two 
points (Pig* 63) that are common to the penetrating ray, and 
the test sphere; then since this ray also passes through the 
axial point X@F (1,2,3) given by Eq. 38, the set of equations 
that is available here can be expressed as 

xl / DCR1 = x2 / D0R2 = (x3 - XRF3*) / DCR3 ( 1^2 ) 

(xl - XR1*} 2 + (x2 - XR2*) 2 + (x3 -XR3*} 2 _ i 2 = 0 

( k-3 ) 
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Equation Ij.2 gives 

• xl - (DCR1 / DCR 2 ) • x2 

ac2 = (DCR 3 /DCH2) . x2 + XRP 3 * ( J 4 J 4 . ) 

Substitution of these inEq. 3 results in a quadratic of 
the form 

(DCRl / DCB2 ) 2 + 1 +- (D0R3 / DCR2 ) 2 . x2 2 

2 . [ - (DCRl / DCR2) . XR 1 * - XR2* 

+ (DCR 3 / DCR 2 ) . (XRF 3 * - XR 3 *) j . x2 
- [ £ 2 - (XR1 * 2 -t- XR2* 2 ) - (XRP 3 * - XR 3*) 2 ] = 0 

( 45 ) 

Utilizing the relationship that is satisfied by the direction 
cosines, viz. 

DCRl 2 + DCR2 2 + DCR 3 2 ^1 

and defining 

AA = 1 / DCR2 2 

BB = - (DCRl / DCR2) . XR1* - XR2* 

(DCR 3 / DCR2) . (XRP 3 * _ XR 3 *) 

CC - t 2 - (XRl * 2 -+ XR2* 2 ) - (XRP 3 * XR 3*) 2 

( 46 ) 
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Eq .'45 Is rewritten as 

AA . x2 2 + 2 BB . x2 - CC = 0 ( lt-7 ) 

of which one root corresponds to x2 (Pig. 63)5 whilst the 
other corresponds to y2; then it indicates that 

1x2 - y2 ) 2 = 2 (BB 2 + AA . CO ) / AA 2 ( lj .8 ) 

Using Eqs. 44# 4&> and 47 it can be shown that the pens- 
tration distance A R of the ray ( , /3 , f ) into the test 
sphere is given by 

AH* 2 = (xl - yl) 2 -f- (x2 -^y2) 2 -t- (x3 - y3) 2 
= A A . (x 2 - y 2 ) 2 

^ 2 (BB 2 / AA + CC) ( 49 ) 

It can be easily seen from this expression that AR is 
real, i.e. the ray penetration takes place into the sphere, 
only when the relation 

BB 2 / AA + CC > 0 ( $0 ) 

is satisfied. 
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Equivalent Distance 

Reference to Eqs. 16 and 17 above shows 
that at the instant TKEF* the ray (***/£ fY 1 ), that is 
presently under progress, contributes a pressure PREF at 
a distance RREF V from the source position XS (1,2,3); it 
is also recalled that the ray tube cross-sectional area 

4S’ 

was denoted there by ARTO ; the reference ray tube area 
for the normalization. 

Consider now the divergence factor DF 12 
defined as (see Eq* 17 , Chapter 7 ) 

DP 12 = (ARTO* / ARTR* ft l 51 ) 

where ARTR is the cross-sectional area of the same ray 
tube, but in the proximity of the receiving 
point XR*( 1 , 2 , 3 ). 

It is now argued that since the ray tube 

was at a distance RREF* from the source when it had its 

a- ■& . 

area as ARTO , the receiving point XR (1,2,3) where the 

ray tube area is ARTR can be thought to be at an 

$ 

'equivalent distance' REQ from the source; this equivalent 
distance REQ being defined mathematically to be 

REQ* = RHEF* / DF12 

= RHEF* / DF12 +- A. R* / 2 ( 52 } 



Introducing the ’penetration factor 1 defined as 

PUP = (RHEF* / DF12) . (AR* / DF12) 

= RBQ* .AB.* / DF12 ( 53 ) 

it is possible to express the pressure contribution from 
this ray f [i j'T ) at the receiving point XR*(l,2,3), 
using Eq. 16, Chapter 7, in the form 


Pi *(XR*, T*) 

= PREP* . DPI 2 

. PNP 



= PREP* . REQ* 

A 

. A R 

( 5k ) 

where T* = TRBF* + 

REQ* 



= (TI* + 

RREP*} + REQ* 




using Eq. 17 above ♦ 

As was explained in Chapter 7 j the given 

length of the total transitional period, the period for 

which the solution is to be studied, is divided into J time 

cells, each of duration AT , and ) is considered 

^ ^ ^ 

to be the mean value of the pressure p i (XR , T ), given by 
Eq, 5^, taken over the j time interval, i.e. 
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= (PREF* . REQ* . & ; R*) i ( 55 ) 

where j = I* / A'L* i- 1 

= (TI* + RREF* + REQ*) / AT * +• 1 ( £6 ) 

The index i that ia introduced as a suffix to the right 
hand side expression of Eq. 55 is just to recall the fact 
that the quantities included in the bracket there are those 
of the ray tube that has originated from the randomly 
selected pulse with the integral index i. 

It is emphasized here that the pressure 
value given by Eq. 55 above is an averaged pressure value 
that is obtained by the process of averaging over an 
elemental, but finite, space-time volume 

AT*. AT* = (V3) 7T £ 3 . AT* ( 57 ) 

of the test sphere, that replaces the actual receiving 
point in the Monte Carlo technique. 

The process leading to the relation of 
Bq. 55 is repeated for the totality of NR ray tubes in 
a particular sample, and the pressure is accumulated over 
the time cells for a given receiving point. This completes 
the ray tube processing. ’ 'L/- / • 7 ; •/! ~ 
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VARIANCE ANAIZSIS 

The data accumulated while the ray tubes 
were being followed are now analyzed. At the end of the 
processing of, say, NR ray tubes, the accumulated pressure 
values in the different time cells are averaged over the 
number NR , and the space-time volume of the test sphere 
(Eq, 57) used therein to represent the actual receiving 
point. The pressure field thus accumulated is then expressed 
as 

= (T p * / NR . A V* . AT*) , 

NR 

. Z (PREP* . HEQ* . AR*). ( 58 ) 

i =1 1 

This expression is seen to have a striking resemblance to 
the algorithm of the former part of the dissertation (see, v 
for example, Eq, 26, Chapter 3)* 

Equation $Q represents a single statistical 
sample, as a result of the Monte Carlo calculations; and 
further requires the knowledge of the standard deviation. 

This is obtained by repeating the calculations leading to 
Eq, 58 in, say K different blocks. The results of these 
are conveniently expressed as 
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P 3 W) k ^ (T p * / MR k . A V* . AT*) . 

. ^ (PREP* . REQ* . ^R*J 

1 = 1 

( 59 > 

where WR^ is the number of the ray tubes followed 
in the k th block 

( 1 S k S K) . 

By assigning equal statistical weight to 
each selection, the required pressure field, which is the 
statistical mean of all the samples, is given by 

K 

p'j*(XR*) = ^ w k, t k ( 60 ) 

k:l 

idle re is the statistical weight defined as 

K 

W k “ ^k / X ( 6! } 

.1 -i • ■ 

The variance of such a pressure field is then given by 
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K 

d 2 Pj W)- 2 

k '-I 




( 62 ) 


where 



Is the required deviation of the 
predicted acoustical pressure in 
the time interval at the 
receiving point Xg (1,2,3). 


The results of the application of the 
Monte Carlo technique thus developed are presented in 
Chapter 10; before that, in the following chapter, the 
problem of the pressure field inside a duct of constant 
radius is studied from the normal mode point of view. 



Chapter 9 


PRESSURE FIELD INSIDE A CYLINDRICAL DUCT 
NORMAL MODE SOLUTION 

The problem that is considered here is the 
investigation of the acoustic field inside a region bounded 
by a cylindrical duct surface, using the normal mode point 
of view. In practical applications the walls of a sound 
conducting duct possesss certain amount of elasticity, and 
heat conductivity. Inclusion of the finite elasticity and 
heat conductivity considerably complicates the solution of 
the problem. In order to visualize the situation more clearly, 
the side walls of the duct are considered to be absolutely 
rigid, and non-heat conducting. The supporting me dim inside 
the duct is assumed to be homogeneous, and at rest initially. 
The duct is considered to be rigidly closed on the left, and 
terminating on the right in a. perfectly absorptive medium. 

' 200 



Consider a pressure field caused by a simple 
point source, radiating from a given source position x g in 
the field. It is governed by a nonhomogeneous wave equation 
of the type 

’■ ■ "> - 

j^(l/c 2 ). (2 2 /d t 2 ) -V 2 jp(x r ,t) - (^/<3 1 } m (x r - x g ) 

. t 1 ) 

where c is the characteristic wave speed 

p(x r ,t) is the fluctuating acoustical pressure at a 
given receiving point x p , at time t 
m Is the rate of mass injection, per unit volume, 
from the source centre . 

When considering the field analytically 
inside a cylindrical region, as is done here, it becomes 
more convenient to use the cylindrical coordinate system 
(r, 0 , z) (Fig. 6lp) instead of the usual Cartesian coordinate 
system. In this case Eq. 1 takes the form 

D 2 /9r 2 +- (l/r).(2/£)r) +- (l/r 2 ), (c) 2 /9 e 2 ) 

t- (a 2 /?z 2 ) - (l/c 2 ). (3 2 /3t 2 )} p(r, q ,z) 

= (s 2 /st 2 ) m • £ IXp - 5s 5 ( 2 ) 

Xj, = XpCr.Q , z). 


where 




! 

z~ 0 


Fig. 61|.. Cylindrical Duct Coordinate System 

The pressure field p(r, 0 ,z) satisfies the boundary conditions 

i. p is a continuous function 

ii. the radial component of the pressure gradient 
vanishes at the boundary walls, i.e. 

(<Dp/2>r) = 0 at r ^ a (3) 

iii. at a reference plane, z =. 0, normal to the duct 
axis, the perturbation due to the source is 
specified as an arbitrary function of r satisfying 
(i), and (ii), and a periodic function of time t. 

\ 
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In linear acoustics, for the.^invi sc id medium., 
in the absence of the convective velocity, the relation 
between the particle velocity v, and the acoustic pressure p, 
at any point in the medium, is provided by the momentum 
equation 

fO v /3t) t .yp .= 0 i k ) 

At this point It is convenient to define the 
following new variables, similar to those used in Eq.lt of 
Chapter 7 , 

r = r/a, z _ z/a, t = ct/a, p ~ p/? 

m* ^ m/ ^ , y* -v/c, Xp/a, x 3 / a ^ 5 ) 

and rewrite Eq. 2 in the nondimensional form as 

[ O 2 /^* 2 ) + (l/r*).0/3r*) + (l/r* 2 ).^ 2 /^© 2 ) 

Q 2 /3z* 2 ) - (3 2 /3t* 2 > } p* 

■= fo 2 /3t* 2 ) m* . £(*,.*- x,,*) ( 6 ) 

where p - p l x p , t ) =. p vr , 0 , z , t J . 

The pressure field inside the duct is now 
assumed to be expressible in the terms of the natural modes 
of vibration as 



where i 


is a characteristic number restricted to the 
integral values by the continuity requirement 

p *( e ) = P *( e + 2-n ) 

(8 ) 

= p*<0 + 27 ) 

(prime ( 1 ) denotes the differentiation 
with respect to the argument) 

a^, b^ are the coefficients to be determined from the 

given boundary conditions in the reference 

plane 0. 

Substitution of Eq. 7 into Eq. £ results in the separation 
of equations 

£ (d 2 /<?r" 2 ) t (l/r*)* Q/dv*) 

+ (K^ 2 - i 2 /r* 2 )j Rj(r*) = 0 ( 9 ) 

[ (^ 2 /at* 2 )' - (3 2 /5 z* 2 > + K. * | p *<z*,t*> 

*“ 1 J i J 

=■ ( cl 2 /<3t~ 2 ) m" . - usQ ) ( 10 ) 


where 



is the separation constant • 
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The characteristic value K^, which in turn fixes the value 

p 

of the separation constant j is determined from the 

appropriate boundary conditions at the duct walls, such as 
that presented by Eq. 3 for the particular case that is 
under investigation here. 

Equation 9 is recognized to be a Bessel 
equation of order i, and as such its solution is expressible 
as 


th 


( 11 ) 


where is the i order Bessel function of the First Kind. 


It is observed that the boundary condition 
at the duct walls, given by Eq. 3, is satisfied if and only 
if the characteristic values are the roots of the 
transcendental equation 


V c K ij > - 0 


( 12 ) 


In other words, the characteristic values are the 

successive zeros of the Eq. 12, where the index j takes on 

the values 0, 1, 2, .... successively. 

A similar expression to that of Eq. 7 can be 

written for the particle velocity ^(^1^). Then using 

Eq. ij., it can be shown that the relation satisfied by the 

axial component of the particle velocity, denoted by v “(z ,t rf ), 

zj 


ao6 

and the corresponding pressure p.*(z*,t^) during the j^* 1 

, . u 

mode of vibration is 

■^Pj* /2 z* = -3.v zj * /at* ( 13 ) 

The medium is considered to be quiescent 
initially, and hence the initial conditions for the problem 
can be expressed as 

Pj ( z*, O t ) - 0 ( li+ ) 

v.,*U*, 0 +) = 0 ( 15 ) 

0 t )/5t* = 0 ( 16 ) 

where the source is initiated at time t =■ 0 

Now the pressure p^ (z*,t*) is expressed as 
the sum of two components 

Pj (z ,t ) ~ q j( a ,t ) + gj(t ) ( 17 ) 

On substitution, this allows the separation of Eq, 10 into 
the following two equations 

[(3 2 /3t* 2 ) + K i . } 2 J g (t*) 

= (d/dt*) m* . Six,.* - 5a *) (18) 

O a /dt* 2 ) - 0 2 /3z* 2 ) + K^- 2 j. qj (z*,t*)- ^ 0 ( 19 ) 
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with the corresponding initial conditions as 

Sj(o + ) = 0 

c> gj(0 + ) /3t* - 0 

q.j(z*,0 + ) =. 0 

d qj(z*,0 + ) /3t rf - 0 

The solutions of Eqs. 1 8, and 19 can be 
obtained most conveniently by the use of the Laplace. 
Transforms. Defining 

% - g^s*) = «* 

( 22 ) 

Cf ( **' I .# \ I _ *\ / -S t* / , -w- \ -B* 

\ ' ; o 

where s* = s a / c 


( 20 ) 


( 21 ) 


and taking the transform of Eq. 18 results in, on making use 
of the initial condition given by Eq, 20 above, 

G (s*) = [ s*. M*(a*) - m*(0^) } / ( S * 2 t K^ 2 ) ( 23 ) 

Using the convolution theorem, the inverse transform of Eq. 23 
is expressible as 
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* 




ra 


(t^- ^ ) cos d£ 


* *# 


- (sin K^t • » (0 + ) ) / K ij 


• - *> 


( 2k ) 


Similarly defining 


#. * 


[qj(z ^ )} - Qj(z*fS*) ~ I e " 3 ^ . qj(z*,t*) dt v 


4=0 -*s**t* __ #/ * .*■% 


£ [v z *(z*,t # )j - Y./UV),-/ e -s ■* it 

0 

( 25 ) 

and taking the transform of Kq. 19 results in, on making 

use of the initial conditions given in Bq. 21, a differential 

equation 


[ 0 2 / 3 a* 2 ) - (s* 2 + K.^jJ Qj ( z *, 3 *) = 0 


( 26 ) 


This has two solutions given by 

exp [+{s”^ +• . z" ] 


Q («*,•*> - S(s*> 


( 27 ) 


exp 


[-<s* 2 + Kj. 2 )^ . z*J 


2 v^g 


- where S(s*) is an arbitrary function , to be determined 
from the specified distribution of the source function in 

■ 5 C” 

the reference plane z - 0 
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From these two solutions only the one is 
selected that vanishes at z =- +. 03 ; and it is given by 

- S(s % ) . exp £-(s’ > ' 2 + K., . z*J ( 27 ) 


ij 


On partial differentiation with respect to z , this gives 
3Q,(0,S*) /az* = - S(s*) . (s * 2 + K. 3 2 )% ( 28 ) 


i 


ij 


Using the initial condition given in Eq. 15 , the transform 
of Eq. 13 can be written as 


/3z w =■ - 3 ’ . V z ^( z *, a w ) 

This together with Eq. 28 gives 


* 


& 


* * 


1 * 


S(s*> , s* . V .*( 0, 3 *) / (s* 2 *- K. 2,% 

Z J 1 J 

substitution of which in Eq/ 27 results in 


Qj(z ,s ; ^ s . ( 0 , s ) . D(s ,z ) 


D(z rt ,s^) - exp [- (s rf2 +- K^ 2 ) . z*j / (s^ 2 + K ± j 2 ) ' 

( 29 ) 

From Tables of Laplace Transforms (for 
example, Abromwitz, 1961j., p. 1027, and p. 1021) the following 
relations are obtainable 
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%' 1 [q(z"\s*) 


# 

, t < z 


j 0 hi • (t " 2 - * 2 h , t* > z 


* 


# 


-1 


% [(1/8*). Qj(z*,s*)J “ i qj(z*y{ ) dj 


* 


-1 j 

<£ [^(a*) . ^(s*)] = J - $ )' • fg-C.i ) d$ 


Using these results the inverse transform of Eq. 29 is 
expressed as - 


* 


/ q j (z ■* t 1 - < t * 


* * 
, t < z 


4 v zj* (o ’ t M ) - vv ( ^- z * 2) ^ 


4-* * 

t > Z 


* 


Differentiation of this relation with respect to t gives 

( 30 ) 


. * * 

0 t < z 


/ * . * x _ 
q,j(z ,t ; - 


. * 
t > z 




where I — (B /£) t* ) / v z [ K i j . ( 5 2 -z* 2 d<* 


For the evaluation of this expression use is made of the 
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Leibnizes rule which states that 

(3/3t*) = j fit*, § ) d$ 

■ e 0 < t * ) 

gl (t*> 

= 3 fit*, 5 ) /S> t*. d $ 

g 0 (t*> 

- f [t*,g 0 (t*)j . dg 0 (t*) / dt* 

+• f Lt^jgj^lt*)] . dg^lt*) / dt* ( 31 ) 

*»* ' 

Here fit*. J ) = v^lO.t* -$) . 1* -'«* 2 >*J 

g Q (t ) =. z ; g x c t ) - t 

*Bf(t v , 5 )/st # .=. [O/at*); v z ^ r (o,t % -$)]. 

• j 0 [ K ij • ( 5 2 - ^ 2 ) ?s ] 

- - J 0 [ K ij- ( 5 2 - f 2 > h ]-&W> v aj * ( °,t* -5 > 

dg^t" )/dt“ - 0 ; dg 1 (t^ )/dt' f - 1 

f j^t^g^Ct" ) ] =■ 0 since v z ^(0,0) - 0 

Substitution of these values in Sq, 31 results in the 
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the following expression for I 
t* 

I*'- ( J 0 ^ij - ( ^ 2 ■ * w2 ) % ].0/^> v zj*(°' t *"§ ) d< 3 

* 

z 

Let u--J 0 [K...4 2 - z* 2 ) 3 ®] 

dw = 0/3$) v a ,* (0,t* -5 ) . d§ 

du = Jq 1 j .( $ 2 - z* 2 ) 3s J{d[K i3 .($ 2 -z* 2 ) h lj&$} df 

.(\ Z -z* 2 ) 5 ^ f/(f 2 -s* 2 >* | dj. 
since J Q f = 

then making use of the rule of integration by parts 

t* 

I = v z j*(0,t w -z*) - ^ v z j*(Ojt*- ^ ) . J^Ek^ .( $. 2 -z^ 2 )^J 

z * . .[^-.{/(^V^idi 

( 32 ) 

Then using Eqs. 7, 11, 17, and 30 the pressure field inside 
the duct is expressed as 
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33 Cb 


p (5 p ) = L 


* 


J. (K. .r ). (a. cos i 0 + b. sin i© ). 

X X J X X 


i -0 j^O 




_ , ■* * 
0 , t < z 


«■ 


> z 


* 


( 33 ) 


It is noticed that the expression for g^(t ) 
as given by Eq. 2l\. contains 'a Kronecker delta function, and 
as a result it does not contribute to a pressure field at 
any other point different than the point coincident with the 
source position. 

Eventhough from the knowledge of v , (0,t*) 

z j 

it is possible to evaluate I in Eq. 33 (see Eq. 32 ), yet the 
pressure field cannot be determined, since the values of the 
coefficients a^,and b^ are still undetermined; these are 
determined from the matching conditions in the reference 

■K- 

plane z =. 0 as shown below. 

From Eqs. 13, and 33, following a similar 
procedure as above in the use of the Lebinitz rule, and 
carrying out a few mathematical steps, it can be readily 
shown that the expression for the axial component of the 
particle velocity inside the duct reduces to 
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r 0 , t* < z* 


, * 
t -Z 


J v t ■> z' 


* , * -x- * -X- ^ X- , -x , 

v z ( £r 5 - v z (r * 0 » z ^ 1 

£o <s» 

~ ^ J i( K i ( a i 003 + b i sin i0 ^‘ 

i-0 3-o 

where 1^- v z j*{0,t^-z*) - - j * 

' , « 0 

• J l[ K i3*U (i +2 **) }" ' h l K ij/ti( i+** } % i * *1 

• ‘ (34 ) : 


-X/ .* % . x 

V J (o,t -z -$). 


■K- 


Thus in the reference plane (z - 0) the axial component of 
the particle velocity is given by 


v_ : *(r*, 0 ,0,t*) - 

Z 


J (K/.r^J.Ca. cos i0 
i ij i 


i-0 jxO 


-t b i sin i© ).v z ji*(0,t w ) 


< 35 > 

In order to determine the numerical 
coefficients a., and b. in the above expressions it is 

J- -I- 

necessary to specify, for example, certain distributions of. 
the velocities in the Initial section z" - 0, as an effect of 
the actuating source . In general it has the form 


v % (r~,0,O,t v ) n P(r*,6).T(t*) 


( 36 ) 



i a tf \ 

■where the function F(r ,0) can be expanded into a double 
series involving the characteristic functions of the problem 
that is under investigation 

C& CO 


F(r*. 9 ) = 2. I <*** 


. i 0 +•" (3., sin i ).J. (K. .r*) 

1=0 3=0 ( 37 ) 


COS 


Using the orthogonality property of the trignometric functions 
and the Bessel functions, the coefficients and are 

evaluated; the resulting expressions (Rschevkin, 1963, p. 193) 
are 

1 27 1 

\ 3 --(l/7C J 0 2 (K 0 /)i' j ( HA 0 ); W* ,,P * ^ d ® 


0 0 


1 271 


^Oj = 0 


^ = (l/7TM ij ) J ] P(r*, r *).cos i 0 .r* dr* dO 

0 0 
1 • 27T 

= (1/ *V ( fpy,6). Ji( K if *). sin i©. P * dr* d 6 

0 0 


M u = >*[a i3 /:i) 2 — 1]. 


where 
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When the source is a simple point source, 
in the proximity of the source plane (z*- 0), the disturbance 
propagates as the plane wave motion; then the velocity 

-v- 

distribution resulting from the source in the-r plane z «. 0 
can be expressed, for example, by the functions 


F(r , 9 ) = 1 

( 0 


T(t*) =• 


* 

, t ^ 0 


sin (2 Tit* / T *■) , 0 < t* < T * 

r r 


0 


* „ * 
P 


, t ? T 


( 39 ) 




where T =, c T / a , T being the period of the source 

Jr Jr h* 

pulse in seconds. 


Then in this case Eq. 38 gives 

1 

*01 - [ 2 / J 0 2 (K 0i 3 |- / J D< K o/ ) - r * dr * 


(b = 0 
O-J 


°( - ft - 0 

ij ij , for i t 0 ( 2j_0 ) 
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These relations together with Eqs# 36, and 37 give 

Co ' 

v*<r*,e,0,t*) - ^ °C Qi . J Q (K 0J r*).T(t*) ( 4l ) 

j"° 

Comparison of Eqs. 3 ?> and 1^.1 shows the matching condition, 
viz. 

v^*(r*, © ,0,t*) = v*{r^, 6-,0,t*) ( i^.2 ) 

z 


requires that for the particular source, having the source 
functions defined as in Eqs. 37, and 39 

i = 0 



* 

z.i 




( 43 ) 


In the light of these relations Eq. 33 can now be rewritten 
as 


co 


p (x^ ,t ; - 


* 


oj * J 0^ K 0j r ^ • 


3=o 


(t*) + 


n ■ * * 
0 , t < z 


LI , t*> z* 


where I - T (t' r -z^ ) - 


t* ( kk ) 

T(t*- 5 j.JxIk '.( ^-z* 2 }^] . 


* 


[k 0 ..^ / C^ 2 - z" 2 )^J. d$ 



2X8 


= T(t*-z*) + ( T(t*- §)- J o'[ K or ( i 2 ~ z * 2)h ^ • 

z 

. [d[K 0 ..( { Z -z* 2 ) h ]/ dfj . &{ 

Let dw = J Q ' [k qj .( 5 Z -i 2 &\ .[d [k 0 ..( 2 -* 2 ) h ]/d.{ j . df 
U = T(t*- { ) 

then w - J 0 [K 0j ..(^-z S2 )^] 
du =- - T'(t*- { ) d| 

Use of these in conjunction with the rule of integration by 
parts reduces the above expression to the following form 

I = T(t*- Z *) + Kt*- 5 ).Jo[Ke j .('4 2 -** 2 )^jf* 

J z 

t* ' 

t ( 'r>(t*-p.J 0 [K 0j .(^ 2 -/ 2 ) 5s ]- d$ 

t* 

/_ T*(t*. 5 )-J 0 [ K 0j -( 5 2 -/ 2 )^] • d« 

z 

since T(0)-0 s and Jq(o) - 1 

( 45 ) 
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In order to evaluate the coefficients 
in the above relations, use can be made of the following 
property of the Bessel functions 


Oj 


(d/dx) [x 11 J n (x)j “ x 11 ( 46 ) 


which, for the particular case with n-1, on integration 


between the limits 0 and 1, gives 

x 


X . J 1 (x) =. 


* 


t . J Q (t) dt 


0 


Let t = . r ; then 


K 


Oj 


0 


Oj 


Oj 


0 


( 47 ) 


/ J (K n .r*) r* dr* (l/K „< 2 j . / t . JAt) 


0 


dt 


£l lK Oj^ / K 0j 


Substitution of this result in Sq # 40 simplifies the expression 
for the coefficients in the following form 


°C — / o nr \ r fir \ t t 2, 


Oj 


= (2A 0j ) . W-) / J 0 ^(K 0i ) ( -46- ) 


‘OJ 


Oj 


The numerical results from this analysis 
are presented in the following chapter, as a comparison with 
those obtained from the application of the Monte Carlo 
technique presented in the preceding chapter. 



Chapter 10 

CALCULATIONS FOR CYLINDRICAL DUCT 

'PREASSIGNED CONSTANTS 

For the demonstration of the applicability 
of the proposed Monte Carlo technique to a problem involving 
a curved boundary, the acoustic source is considered to be 
of sinusoidal shape, characterizing its strength-time 
history. The following is a list of the preassigned constants, 
used in this problem, expressed in dimensional form (FPS 
system) : 

Source Strength Factor Q q - 1 

Source Period T =■ 2.0 E -03 

P 

Duct Radius A r. 7.£ 

Wave Speed C - 1.10 E 03 

Elemental Time Interval A T =5,0 E -Of? 

Characteristic Mass Density of the Medium/ 7 - 2.3780 E-03 

Source Cartesian Coordinates XS(l,2,3) -(0,0,6) . 

Receiver Cartesian Coordinates XR(i,2, 3) « (l , 3,10) 
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Duct Minimum Radius AO =. 7-5 
Duct Length DCTL - 1.2 E 02 
Radius of the Test Sphere £ = 1.0 E -01 
DPHI '=> DPSI = 1.0 E -12 

No. of Rays followed in one Sample NR =. 5000 
MONTE CARLO SOLUTION 

The Monte Carlo results are shown compared 
with the Normal Mode calculations in Pig. 65* These Monte 
Carlo calculations consisted of five blocks, totalling 
2500 selected ray tubes; and took 189 seconds of core time, 
each block requiring about 39 seconds of core time, on the 
GDC 6400 computer at the Computational Centre of the 
University of Virginia (Appendix 7) * 

NORMAL MODE SOLUTION 

The Normal Mode solution included the 
summation of the series for the first 26 modes. In order to 
save the computational time, extensive use was made of the 
tabulated results for the requisite zeroth order Bessel 
functions, first order Bessel functions (McClain, 1962), 
and the successive zeros of the Bessel function of the 
first order (Watson, 1962, p. 746). 
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The approximate evaluation of the definite 
integral (Eq. 32, Chapter 9 ) appearing in the expression 
for the pressure, field by the Normal Mode method was 
carried out separately by making use of two different 
methods, the first was based on the composite trapezoidal 
rule, repeated interval halving, together with the Romberg f s 
extrapolation technique; whilst the second one was based on 
the Chebyshev’s formula (Rekotrys, 1969, p. 59i|) for six 
terms. The normal mode results from these two methods were 
found to be in close agreement (Appendix 8 ). 

OBSERVATIONS 

It is evident from Pig. 65 that the results 
of the Monte Carlo technique are in close general agreement 
with those from the Normal Mode method, when it is considered 
that the Normal Mode solution should only be expected to be 
within the limits of plus and minus one standard deviation 
about 68 % of the time,-* 

Another point that is noticeable is the 
certain amount of shift along the time axis. In the Normal 
Mode solution the time interval between the commencement and 
the termination of the pressure contribution at the receiving 
point is sharply defined, the commencement being coincident 
with the instant at which the initial portion of the direct 
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disturbance wave reaches the receiving point. Obviously this 
is a Twinimum time that a disturbance wavefront takes to reach 
the given point. In contrast, in the Monte Carlo solution 
since the directions of the ray tubes that are followed are 
selected at random, the probability of selecting the exact 
values of the direction components coincident with those of 
the direct ray is negligibly small; and as a consequence the 
randomly selected signal path, in general, takes a certain 
amount of additional time before reaching the receiving point. 
This re stilts in a certain amount of shift along the time axis. 

Using Eq. 15 of Appendix 2, the probable 
relative error in the calculated pressure values can be 
expressed as 

'$ = <0.68/E(p *} ) . (D 2 ip *} /N) 3 ® 

prob J J 

where E ^p^ [ is the expected pressure value at the 

time index j 

D {pj | is its variance 
N is the sample size 

Choosing J - 30, for example, it is seen from the printout 
results of Appendix 7 that 

E { p * \ - 1.16754349 a -04 

D 2 ip 3 0 \ = 1.89393499 E -07 
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Ur 5000 . 

The corresponding value of the probable relative error is 

$ 0.035 

prob 

In general, the values of the standard 
deviations for the Monte Carlo results of Pig. 65 are 
relatively / high, indicating a wide scope of further 
refinements in the basic sampling technique, directed 
towards the reduction of the variances. 

In Pig. 66 are shown the results of two 
additional blocks of the Monte Carlo calculations; the curve 
corresponding to Block 3 is the same as that seen in Pig. 65. 
Prom Fig. 66 it can be concluded that, for most part of the 
observational period, the Monte Carlo solution is in general 
agreement with the Normal Mode solution. 
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CONCLUSIONS 

The Monte Carlo technique is developed and 
proposed for the determination of the pres sure -time history 
at a chosen point in a partial enclosure. At present, its 
applicability is demonstrated when the medium is homogeneous 
and is enclosed by either rectangular or curved boundaries. 
Although the present study considers the behaviour due to 
simple point sources, it is possible to study the effect of 
any sort of source by building up a distribution of point 
sources of various intensities. 

When all of the acoustical material is on 
one surface of a room, the room is never satisfactory 
acoustically as there are prolonged reflections between the 
opposite surfaces which do not have acoustical material. The 
Monte Carlo analysis of the transient acoustic field, presented 
in Chapter 5, is restricted to rooms containing no * sound 
scattering T obstacles, having each wall uniform absorption. 

The removal of each of these restrictions is essential in 
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making the proposed Monte Carlo technique more generally 
applicable and requires further study. In order to make the 
Monte Carlo application economically competitive it is 
highly desirable to explore the possibility of implimenting 
one or more of the variance reducing techniques, such as. 
Stratification, Control Variates, Antithetic Variates, etc. 

As emphasized by Khudsen (194-0)# 'it is 
the detailed nature of the sound decay, especially during 
the early stages of decay, and not merely the average rate 
of decay, that affects the acoustical excellence of the 
music rooms or the auditor ia; thus it appears that a fairly 
detailed experimental and theoretical investigations of the 
short term transient response of rooms having various shapes 
and absorptive treatments should prove highly instructive. 

The proper control of the distribution of sound energy 
throught a room and of the growth and decay of sounds are 
the prime objectives of good acoustical design. One attains 
scientifically" rigorous and prede terminable control of these 
objectives by a comprehensive study. The proposed Monte Carlo 
technique, when developed further, is foreseen to provide 
valuable computational tool in such a study. 

For complex problems, it is anticipated 
that, the proposed Monte Carlo approach may prove to be 
exacting and even indispensible ; but before long one needs 
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to make developments, in brief, on the following lines: 

a. Adapt the method to inhomogeneous and moving 
madia. This means that a method of tracing 
the signal paths through variable media, in 
the presence of flow is required 

b. Adapt the method to problems involving 
scattering, which is present in many 
problems of practical interest. Analytical 
solutions can be obtained in simple 
geometries, such as scattering of plane 
waves by cylinders. On the other hand, 
scattering is ignored in classical optics. 

The problem here is to develop a 'game' 
under which the signal paths passing 
near an obstruction are deflected, so that 
the averaged result is correct. 

It is seen from these sub tasks that the 
research interest here encompasses such works as the development 
of the requisite probability theory as direct application to 
the many variable phenomena in acoustics, analysis associated 
with complicated boundary conditions in the acoustic radiation 
theory, and computations of acoustic interaction effects with 
due considerations to the problems in energy conversion 
mechanisms. 
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The subtask (b) above, relating to scatt- 
ering, Is judged to be the critical problem. A detailed 
study of known analytical solutions is called for, both to 
provide insight into the problem and to provide checks for 
future Monte Carlo calculations. The major difficulty here 
is that the equations governing the deflections of the signal 
paths have to be formulated when the results are given in 
terms of wave solutions. The ultimate measure of a mathematical 
model and the sampling techniques for its analysis is the 
degree to which their applications produce satisfaction to 
its user. This satisfaction can usually be produced when the 
computed values agree with the reliable experiments; and 
makes it essential to undertake certain experimental model 
studies for the final verification of the Monte Carlo results. 

The research work, directed towards the 
further development of the proposed Monte Carlo technique 
into a valuable tool for applications to cases involving 
inhomogeneous medium and complex boundary conditions, 
presents a field of research which not only is fascinating 
but also holds promise of marked improvements in the 
understanding of the transient acoustic fields. 
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Appendix 1 

• \ . ’ . . ■ 

SIGNAL PATH FORMULATION 

The Monte Carlo technique that is developed 
in Chapter 3 investigates what happens to the field in terms 
of the disturbance signal paths originating from the energy 
source, and based on the information so collected, reconstruct 
the field as a function of the space and time on a statistical 
basis. The formulation of the signal paths can be justified 
from the viewpoint of the Helmholtz Wave equation and the 
Eikonal equation; such a justification is presented in this 
Appendix. 

Consider the effect of the radiating sound 
source in a medium which was at rest initially. When the 
attention is confined to a specific band of approximately 
constant frequency of the emitting source, the field can be 
expressed using the solution of the Helmholtz Wave equation 

(V 2 + fz 2 )± = o Ci ) 

where ^ (&) i3 the time -independent spatial part of. the 
wave function 
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fc(x) is the wave number defined as 

fc(x> - is>/ c(x) - 27 T//^(xJ ( 5 2 J ) 

Up is the angular frequency of the source, 

considered approximately constant for a specific 
frequency band of the source 
/Ux) is the wavelength, characteristic length of the 
medium 

c(x) is the characteristic wave velocity of the 
medium. 

Equation 2 clearly shows that for a given value of u, the 
wavelength > changes with the wave velocity c. 

Equation 1 is a linear, elliptic, second 
order partial differential equation, which with proper 
boundary conditions represents the radiation problem in 
acoustics.. For a radiating surface with an arbitrary shape & 
distribution of , for example, a particle velocity on it, no 
standard method can be applied; a recourse has to be made to 
some numerical procedure. Assume a trial solution of the form 

± (x) A(x) . e if2 0 ( 3 ) 

where A(x) is the amplitude function 

is the standard wave number (-^/Cq), with c Q as 
some standard wave velocity (constant) 

S(x) is the phase function! real) 
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When Eq. 3 is substituted in Eq. 1 and equated separately to 
zero the real and imaginary parts, the following two coupled 
differential equations result 

v 2 A + [ * 2 - * 0 2 . (V S) 2 j A = 0 (24- ) 

V [ VS.A 2 } ^ 0 ( 5 ) 

No exact solutions are possible for these; however, an 
excellent approximate solution can be obtained by the 
Wentzel-Kramers-Brillouin (WKB ) method. This is based on the 
fact that in a slowly varying medium the wave amplitude 
function A(x) will also be a slowly varying function; and 
hence as a first approximation 

V 2 A ~ 0 ( 6 ) 

Then Eq. I4. reduces to 

(VS ) 2 =, n 2 ( 7 ) 

where n(x) - te(x) / ^ c Q / c(x) ( 8 } 

is the generalized refractive index of the medium. 
It is observed that E'q, 7 is a differential equation of the 
first order and second degree. In principle its solution can 

be found, given the spatial variation of the refractive 
index and the initial surface of constant S. 



Fig . Al.l Constuction of the Neighbouring 
Wavefront Surfaces 

A surface of constant S forma an individual 
wavefront, and a set of wavefronts is a family of such 
surfaces having the values of the .nondime ns ional quantity 
* 0 S (Sq# 3) differing in increments of 271 . Let 

S =. oc 

be a given initial wavefront. Its neighbouring surface 

S = oC + d°<*. 

is constructed by going out along each normal a distance 

d °c / | grad S \ 

and connecting the resulting terminal points (Fig, Al*l) # 
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Continuation of this process sets up successive surfaces 

3 =. constant 

Now it is possible to integrate Eq. 7. The value of S(x) thus 
obtained is then substituted in Eq. 5, and solved for the 
amplitude function A(x). The solution of Eq. 7, in general, 
can be expressed as 

grad S =. n(r) s(r) ( 9 ) 

where s(r ) is a unit normal to the wavefront. 

It is observed that in Eq. 9 r signifies the spatial 
dependence on the three coordinates of the point, but does 
not imply a particular choice of the Cartesian coordinates 
only. The continuous curves that are everywhere parallel to 
the unit vector s(r) are recognized to be the RAYS. These 
rays represent the required propagational paths of the 
disturbance signals. 

Let s represent the arcual coordinate along 
the ray representing the ray distance; then the above 
relation can be expressed in a more suitable form as follows: 

(d/ds) (n s) - (d/ds) (grad S) - ^3 div(grad S) 

- (l/n)(grad S) [ div(grad S) j , from Eq. 9 
= (l/2n) V (grad S) 2 = (l/2n)V (n 2 ) , from Eq. 7 


V n 


( 10 ) 
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Given the spatial variation of the refractive index n at the 
local point, and the initial direction of the desired 
ray, using Eq.. 10 it is possible to make the successive 
evaluation of the ray trajectory. The effects caused by 
fluctuations in such physical veriables, for example, as 
density, temperature, convective velocity, etc. can be 
added to this basic form as and when required* 

It is recalled that the basic form represen- 
ted by Eq. 10 is based on the WKB approximation. Before its 
use it is worthwhile to examine its validity and the 
conditions imposed thereof. Taking for simplicity the one 
dimensional case, the exact Sqs. Ij. & £ now take the form 

[(d 2 /dx 2 ) + £n 2 - (dS/dx) 2 JX 0 2 ]A - 0 ( 11 ) 

(d/dx)[( dS/dx) A 2 ] = 0 ( 12 ) 

In. the WKB approximation the use is made of the relation 

dS/dx ~ n ( 13 ) 

then from Eq. 12 • 

A(x) =• B [cU)\% ( Ik. ) 

where B - A(xq) ^c(xq)|^ is a constant. 

The unknown exact derivative in Eq. 13 is now represented by 
dS/dx = n ^1 + £ (x)] ( 15 ) 
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Substitution of Bqs. llj. & 1$ into Eq. 11 gives 

£ (1 + £ /2 ) - (l/n 2 ) [- (l/8c 2 ) (dc/dx)^ 

( 1/14.0 ) (d 2 c/dx 2 )} Cl/f? 0 2 ) ( 16 ) 

In a slowly varying medium 

i. the index of refraction deviates only slightly from 
its mean value equal to unity, i.e. 

n(x) - 1 + ^ (x) , where |i>l<^l - 

11. (d 2 c/dx 2 ) « (dc/dx) 2 

Hence £ — (1/8) [(1/c) (dc/dx*) 2 j, where x'^ x k Q ( 17 ) 

It Is noticed that (l/c) (dc/dx*) represents the relative 
change in the wave velocity in the distance of one local 
wavelength. 

Generalizing the results of Eq. 17 it can 
be stated that the WKB approximation is good enough for a 
medium wherein the medium properties do not change appreciably 
in a distance of one local wavelength. 
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ERROR ESTIMATION IN THE MONTE CARLO METHOD 

The numerical answer to a given problem by 
the application of the Monte Carlo technique is obtained by 
averaging and analyzing the many results of repet ations of an 
experiment on a high speed computer. Any single result is a 
function of a sequence of random numbers that are employed 
in that particular Monte Carlo run. It represents a random' 
event, which is an event that has a chance of happening, A 
numerical measure of this chance is given by its probability; 
it is a number lying between 0 and 1, both inclusive, higher 
values indicate greater chances. 

PROBABILITY ESTIMATE 

Suppose that a random variable X has a 
finite mathematical expectation 

E < X i - /A ( 1 ) 
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J .* ' r _ • . . • 

Its Variance and standard deviation are given by 

D 2 ( X i - E [x - E (X) } 2 ( 2 ) 

cr = n /d 2 [ x i ( 3 ) 

X . • - ■ . 

respectively. The probability of occurrence of an event 
connected with this variable can be examined in the light of 
Chebyshev*s theorem which is stated as 

■'For any positive number h, there exists the 
probability relation 

p (jx -/U.| h <r x ] 5 l / h 2 ( 4 ) 

, or equivalently 

p [ |x - ^ | < h <r x I ^ i - i / h 2 " ( 5 ) 

For example, it says that at least 3/J+ of the total probability 
is within ± 2 cr from the mean for any random variable. This 
■ the or e m guar ant e e s - ' “ t he 1 owe r b ound b ut whe n the s ample s i ze 

is large, which is the usual case with any Monte Carlo 
calculation, it has been found that the stronger results 
than those given by Chebyshev^ theorem usually hold. A 
common empirical rule < Mosteller, 1961 ) indicates that 
about 68 95 % and 99*7 % of the total probability values 

of a random variable lie within + cr $ ± 2 o~ and ± 3 . 0 - from the 
mean. The numbers given for the emprical rule agree exactly 
with those for the normal probability distribution. 
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. ERROR ANALYSIS 

Suppose that X^» Xy Xy . X n are the 
n independent outcomes resulting from n different runs of the 
Monte Carlo simulation of the above problem relating to the 
random variable X with finite mathematical expectation/u(Eq*l) . 
It is reasonable to represent the Monte Carlo estimate of 
by 


w 1 x 1 + w^x g -V w 3 x 3 -v . . . . . -v w n x n 

w. + W^-v-W* *V' • • • « -v W 
• ■ l d 3 n 


where is a ‘weighting factor 1 , a quantity that represents, 
in some sense, the length of the sequence of random numbers 
used and the sample size N^ which gives the number of 
independent trials in the i ttl run. The error involved in the 
value given by the Monte Carlo method can then be 
expressed as 


5 = 1^ M - A| 


( 7 ) 


The distribution of is obtained from the ‘Limit Theorems* 

of the theory of probability. In the Monte Carlo method the 
values of the sample size N, which are eommonly employed, are 

o f. 

of the order of 10- 5 - 10 and as a result it is possible to 
consider to be distributed very nearly in accordance 



with the Gaussian law. Then using the *Three - Sigma Rule 1 , 
where the error is known with the probability of 0,997* 

Shreider (1961}.) has shown that the exact estimate of the 
error S of the Monte Carlo method is given by 

8 - l^ M -/n-i §3 d 2 lxi / n ^ 3 <r / ir 2 ( 8 ) 

It shows that the accuracy of the Monte Carlo method depends 
only on the sample size and the variance. Two ways of 
reducing this error are seen to be 

1. Increase in the sample size N 

2. Change in the sampling technique to make the 
variance D 2 (X| small; as stated earlier in 
Chapter 3, methods such as Stratification, 

Control Variates, Antithetic Variates, etc. 
can be employed for this purpose. 

The extent to which each of these alternatives to be employed 
depends heavily on the relative cost of each for the particular 
problem that is under investigation. This is examined in what 
follows. 

Efficiency of a Monte Carlo Technique 

Suppose the Monte Carlo simulation of a 
given problem, on average, involves «i number of computer 

c 

operations per trial with a computer time t per operation; 

c 
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then using Eq, 8, for the desired accuracy^, the total 
computer time required for a Monte Carlo calculation of 
sample size N can be expressed as 

T c - s » c ‘ c - 9>«o *0 2 { 9 ) 


Equation 9 clearly shows that, with all other factors 
remaining same, to halve the error it is necessary to increase 
the total computer time four times; quite often this becomes 
impractical and the remedy lies in careful design of the way 
in which the samples are collected and analyzed. 

As is evident from Eq, 9 the efficiency of 
a Monte Carlo technique is inversely proportional to the 
product of the sampling variance and the amount of labour 
expended in obtaining such an estimate; it is this product 
that is under control of an analyst for a preassigned 
desirable accuracy. A slight increase in the labour would be 


permissible if it results in overwhelming decrease in the 
sampling variance. The efficiency of method 2 relative to 
method 1 is given by 

\ = \ / 7 t 1 - (m ol ' B c2 ) * { '^1 ' ^2 )2 


' ^21 ’ V 21 

wiiere ^21 ratio 

V 21 variance ratio 


( 10 ) 
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The labour ratio 1 21 depends partly on the computing machineary 
available and partly on the Monte Carlo method employed; whilst 
the variance ratio v 2 ^ depends mainly on the complexity of 
the particular problem that is under investigation and the 
details of the technique employed. 

Economics - 

Consider a case where the requirement is to 
achieve a preassigned level of accuracy at a minimum cost. 

The total cost of a Monte Carlo method is made up of the 
following three parts 

I. Cost of design of the experiment, this includes such 
costs as 

the development cost of the basic sampling 
technique 

an additional cost towards extra analysis 
performed, if any, in an attempt to reduce 
the sampling variance 
IX. Cost of programming 
III. Computer machine cost. 

The total cost s is given by 

s = s 1 + s 2 = s i + * T 0 ( U ) 

where s^ is the combined cost of I & II 


s 2 is the cost of III 
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is the factor of proportionality 
T c is the oomputer time for a sample of size N (Eq. 9 ), 
As is seen fromEqs. 9* 10 and 11 any attempt towards the 
refinement of the technique is bound to alter both and 3 ^, 
the former through the cost of analysis whilst the latter 
through the efficiency factor cr 2 . This interdependency 
makes it impossible to predict in advance the form of the 
variations in the standard deviation <r « 

Elimination of T q fromEqs. 9 and 11 gives 

•; S • - + ft cr- 2 ( 12 ) 

where [?-9 m ^ / J 2 

c _■ 

The condition of minium cost requires 

(ds / ds 1 ) = 1 i - o- 2 (d/3 / ds x ) + 2 fh cr (dir / da^ = 0 

( 13 ) 

In fact the proportionality factor in Eq. n i S different 

for different sampling methods and thus is a function of s^. 

The number of computer operations m is also different for 

c 

different sampling methods. Under the assumption that these 
two variations more nearly balance each other, Eq, 13 
reduces to a differential equation 

- - 1 / 2 / 30 - 


(d cr / ds^) 


( 14 ) 



the solution of which gives the sampling plan <r (s^). 
Substitution of this value in Eq. 8 gives the required sample 
size. 

Probable Relative Error 

Whenever a complicated problem is solved 
with the aid of a computer it is always necessary to consider 
the possibility of random error, this may result due to a 
fault or a rounding -off procedure . Under such circumstances, 
since the final result can only be regarded as reliable with 
certain probability approaching unity, the error can hardly 
be calculated from a theoretical formula. 

Equation 6 above gives the Monte Carlo 
estimate of the variable X. The exact value M- (Eq. l) 

is seldom known. This makes it impossible to evaluate the 
error 3 (Eq. 7) in practice . Since the Monte Carlo results 
are the mathematical expectations of. some random quantities, 
the following relation for the probable relative error, S ^ 
usually provides the order of the statistical error in the 
Monte Carlo calculations. 

s - (0.68 /E[xi) . (D 2 [Xj / JO 5 ® ( 15 ) 

prob 

where E(x| is the expectation value of X (Eq. l) 

E^(x| is the variance of X (Eq. 2) 

H is the sample size. 
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A close observation of the variation in 
the results with Increasing sample size N furnishes an 
additional information about the error. In the works of 
Bouquet (1958) it was assumed that the deviation from the 
exact value follows a normal distribution when N where 

^0 is the pre as signed sample level; but Shr eider (1962 j.) has 
observed that this type of approach has not been adequately 
justified. 


Appendix 3 


A NOTE ON THE SEIECTION OP RAY DIRECTION 

The Monte Carlo method of random direction 
selection, outlined in Chapter 3, is examined here in more 
details first and is further compared with an alternative 
method conceivable on pure geometric considerations. 

MONTE CARLO METHOD 

Hemispherical section of a unit sphere is 
shown in Pig. A3.1. In the coordinate plane X1-.X2, point A 
is selected at random such that it lies inside the circular 
cross-section. Let B be its projection on the spherical 
surface in X3 direction. Then the line joining the origin 0 
to this point B provides the requisite direction for a ray. 
The method is based on the principle of Rejection Technique. 
In order to determine the efficiency of this method consider 
the shaded area of Pig. A3.1. It is defined by the curve 
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f (a - xi 2 ) 3 ® , -i s xi ^ 1 

X2 = f (Xl ) = ( 1 ) 

0 , elsewhere 

Suppose that a point is chosen at random in the square 

-i snu 

-1 5 X2 u . 

such that its coordinates are, independently, uniformly 
distributed in the interval (- 1 , l), Such a point, defined by 

XI 
X2 
X3 

can be obtained by utilizing two random numbers IR 1 and (R 2 
that are distributed uniformly in the interval Lo,l] . The 
abscissa Xl of this point is acceptable as a sample value if 
this point falls inside the graph of f(Xi), if not it is 
rejected and a new set of random numbers is tried. 

In order to evaluate the probability of this 
point lying inside the shaded area of Pig. A 3 .I, consider its 
first quadrant. Under the assumption that IKi and IR 2 are 
independent the probability of selecting a value of Xl in the 
region Xl to Xl + AX1 is given by 

[f(Zl) / (X2) max | . [axi / (XD^I 
i« e. [f<Xl) . Axi ( 


- 1 - 2 

- 1 - 2R2 ( 2 ) 

= 0 
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Then the probability of obtaining a satisfactory point at the 
first trial, which is called the efficiency ^ of the technique# 
is given by 

7 = £ fCUj) Axij = Lt 2 ftxij) A XI. 

I AXl^-* 0 ^ 

1 1 

i f(Xl) dXl = / (1 - Xi 2 )^ dXl = 77/ If. ! ( 3 ) 

0 0 

The probability that the process will fail (n - l) times and 
then succeed on the trial is given by 

(1 - ^ ) n_1 

and the mathematical expectation of n is given by 

ca •• ■ 

s i n \ L n(1 - 7 )n ~ X ■= i /? = 4 /7c ( 4 ) 

. n.-l 

It is possible to prove that the distribution of the selected 
point B (Pig* A3. l) using this method is uniform. The line 
from 0 to B has as its directioh vector 

5? (1.2.3) (PCI, DC. 2, DC3) 

- (cOS<K., COS fhi cosr ) ( 5 ) 

Using Bq. 7 of Chapter 3 the component PCI is rewritten as 

= 1 - 2R 2 


DCl 


COS 
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Then R = sin °c / 2 

XI = R cos 0 ( 6 ) 

X2 - R sin & 

In terms of the angles and Q (Fig. A3.i), now, Eq. $ i s 
rewritten as 

29 (1,2,3) = (cos oc 9 sin <=<- cos 0 , cos sin0 ) (?) 

Let P(x) be the probability of component x, 

then 

P(-<-, 0 ) de , P(X1, X2) dXl dX2 - dXl dX2 /7c 

- R dR d0 /7l - sin d<* d 0 / l^TL 

• . = a ( 8 ) 

Equation 8 shows that the above Monte Carlo method for 
selection of a ray direction provides an ‘even distribution 1 
of directions in the sense of ‘equally probable * directions. 


ALTERNATIVE METHOD 

An alternative method, based on purely 
geometric considerations, is outlined by Krokstad (1968). 

This method consists of introducing n planes, parallel to the 
coordinate plane XI - X2, between X 3 - 0 to X 3 = i, Angle ff ^ 
and the corresponding radius Rj, of the circle shown in 
Fig. A3. 2 are given by the following relations 
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- 21 - 1 


90° 

n 


sin Y i 


( 1 - 1 } 2} • • • • ^n) 

( 9 ) 


On the spherical surface the distance between iwo adjacent 
circles is given by 


b = 7T / 2n 


( 10 ) 


Let be an integral number, representing the number of 
points that are considered on the i th circle; it is defined 
by . ■ 

a. = 1OT [ ij / to ] < 11 ) 

where 1^ - 2^ R. ' 


The 


angle ® l,j 3hown in Fi S* A 3*2 is given by 


6 


i.J 


£L=-A 20 ° % , 1P ) 

2 irn ( J *■ 1 , 2 , • . . 1 ' 


The line from 0 to B has as its direction vector 


PC (1,2,3) = (PCI, PC 2, PC 3 ) 


(sin Y ± cos 0 ^ y sin ^ sin y coa 



In this method, the approximation of the 
quantity 1^/b *>7 an integer (Eq. n) for different values 
of i, is seen to lead to a nonuniform distribution of the 
selected points; and as a consequence there appears an 
Inherent degree of unevenness in the distribution of the 
selected directions obtained by this method. 



Appendix U 

RECTANGULAR ROOM PROBLEM MONTE 
CARLO PROGRAMME 

This appendix gives in full details the 
results of the application of the proposed Monte Carlo 
technique (Chapter 3 ) to a rectangular boundary problem 
that is under investigation (Chapter £) . Included herein 
is a complete listing of the programme that was used in 
these calculations on the CDC 6 I 4 .OO of the Computing Center 
of the University of Virginia. The printout results 
accompanying this listing correspond to the pres store 
values shown in Pigs. 13.1 and £6. 
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16 

1 ,40vs726 9i-uo 

*4 

41 




c . 3o 1 o Jo 7 IE- as 


51 

2.6s7ls-»SHi-lJb 

85 

56 

1 • 234 i ? ; l2w- j 3 


61 

1.37L-3 JJ jc-Co 


66 

8 .2877447 7* -&7 

4? 

71 

-1.577532011-37 

— 

7o 

1,1,1611 J4*.e-3j 


P«£SS«JNE VALUES in the nonoimenS ional form 


2 3.45700739E-O9 3 

7 5. V3288373E-0B 8 .. 

12 7.724694206-08 13 

It £. 2068525»t-0/ 1ft 

22 6.07465717L-O7 23 

27 9. 1441668JE-97 26 

32 1.341017016-06 33 

37 1.642147036-06 35 

•.2 1. 429Zbl22E-0o 43 

Jit 1, U85l2b2c-06 48 ... 


52 2. 38774b31E-0b 53 3.44b784b 

57 1 . 9313460 6E-06 54 2.2547009 

62 6.420o84l7t-07 63 2-U0-.9254 

b 7 2.46347630E-07 64 4.8626847 

72 -2.238802126-37 73 2.2427757 

77 i. 34590342E-0o _.78 2.18U5008 

FURTHER LALCULAIIONS fal929849 

PRESSURE VALUES IN 7H£ MONOINE NSIONAL FORM 


6.Q4567915E- 
5.774985936- 
1 « 4 19752676- 
6.257854t>7f- 
5.90989361E- 
6.368364366- 
1.0Q804855E- 
1.43dfl04956- 
1 .1 4730557E- 
1.95720236E- 
3.44678460E- 
2.254700976- 
2 .U0-.9254BE- 
4.86268472E- 
2.24277574t- 
2.1BU50081E: 


5.187261256-09 
3. b4 Jv04B5t-08 
6.2867J576E-08 
_4.» 5b434fll5E-Q7. 
5 , 4 7 9196 li 8E-U7 
8. a6JJ9cii7t-07 
1. 318206276-06 
1.5449222*6-3o 
1.39eil2b9t-C6 
j l. 92231 064£-06_ 
3.292666476-06 
2.172125C2£-Oo 
2. 1557995 5E- Jo 
3.262551506-06 
t. 1998l686E-i)t> 


7.358935766- 
4.835082696- 
4.355144306- 
_4.62993327E- 
7.3430356B6- 
9.162 36005E- 
1.51Q09277E- 
1.3820S7B6E- 
1.27119 716E- 
_2.091736Q66_- 
1 .754633386- 
1.49478S30E- 
2.628542356* 
1.217841626- 
3.062633036- 


.$!** {???????; 


4.7691 6633E-07 
7.15235268E-07 
9.598390 76£-fl7 
2.22 8987 94E-B6 
1.602546526-06 
1.557J6873E-06 
2.625974346-06 
1. 904922616-06 
2 . 77 0 8915 OL-Q 6 
Z. 918352636-06 
1 • 17 61464OE-06 


safe 


, 9478056BC-07 
,iCT71097£-O6 
> 43631660E-06 
,79724748£-S7 
, 422312976-06 
. 40237606C-06 
,994345256-06 
, 7661632 $£ -06 
.903096196-06 
i 89270 221C-06 
.53342950E-06 
,652154906-07. 


1,34911 22 IE -08 
4.44631930E-09 
7.624602946-09 
4.24507839E-07 
5.346694546-07 
1.028003576-06 
1. 1C 0183236-0 6 
1.526777166-06 
1.756426076-06 
_2_»l5COQ412E-0fc_ 
2.67230335E-06 
2.041738796-06 
2, 5048109 9E -06 
1.677616646-06 
2. 069909516-06 
J..2A83.5241Eiafu 


2.C4298943E-08 
7 » 964127266*06 
2.824741626-0? 
2.74507358E-O7 
5 . 99285 7bl£-07 
1.263868996-06 
1.39932635E-06 
1.072443916-06 
1.1093S431E-06 
2. 2738353 5E -06 
1.185223446-06 
2. 783872486-Ob 
2.398781146-06 
5.78713320E-07 
1.36852899E-06 
_ft.3447034lE-07 


2. 140784 92E-08 
2. 68 139721E-08 
1 . 4961 3432E- 07 
_6j-3§7 ?9Q15£-Q7_ 
9. 67148151 £- 07 
1.506429516-06 
9.1685 0741E- 67 
1.182714056-06 
1. 754586946-06 
2, 32 0 4 7696E-06 
2.50099780t-06 
2.25928797E-06 
3.522149156-06 
2.08464124E-06 
-3 • 7 191 33 70E-07 
1. 595536586-06 


S 3.261854106-08 

9 7. 002621506-08 

5 1.757919066-07 

!|_ 4.98151239E-07 , 

•5 5.676829036-07 

18 1.0492ib32£-06 

15 1.447091946-06 

>0 9.168840316-07 

>5 1.29261025E-06 

.0 2.006038806-06 

iS 2.357909B3E-06 

,0 l. 830922536-87 

,5 3.19713742E-06 

'0 1.518713926-06 

2.692570796-06 
[9 L,.23782 544E-0 7_ 


1.38959236E-06 
6.293920856-08 
1 • 936797986-07 

_4. 12bb741lEt07_, 

7. 2b 16 81 7 BE- 0 7 
9.59202622E-07 
1.050357526-06 
1.547869926-06 
9.426B1259E-07 
1.4 76200996-06 
3.544060826-06 
2.311638 32 E-06 
3.074255Q3E-06 
1.73271097E-06 
1.289638536-06 
1.626615206-06 


2.802432726-08 
7.911789356-08 
2.582588956-07 
6.S5 880 299E-07 
1.041362086-06 
9.62341395E-87 
1.537872656-06 
1.761826176-06 
9.661789646-07 
__Z. 406853166-06 
1. 558276966-06 
4.209778936-06 
2.6782881 8E -06 
1.671728956-06 
-1« 25812 135E-06 
6.732460786-07 



IRAN «ALUt TJ 4* Jit J FO-t 

1 iit/i-li 

9 J. 194721216-04 

ti 2. 54990 79 Ji -bi 

la 1.9972427->6-or 

21 6.i,tU72.a:.-C7 

26 1. &*»l/2 » t<*c~do 

31 1. 04 

3b 3.bQ 25 12 »96-0 7 

■*1 9.91125s 326-07 

_J»o 1. 6 37 a 7 3t- J o 

*1 1* 741/4 9 *lii- 09 

56 2»1l1j3J6o£-0'.» 

ol 1 .9157a939i-04 

56 A.231K*2t6-0/ 

Tl 6 . 05 07 5 - 9 -c-J 7 

-li. if. 6 1 2 4 S» « i-J 6 

Iran rfA^ut tj a! jitj for 

IORRAlIZEiI 
1 6.661 41 32 Sc -11 

6 2. Obi. i62**^t“w3 

11 . 7 * 9ci j » ovvc-vA 

_i 3 £ «*j 4 j* 0 ->Z i - x l - _ _ 

21 7.100354 9.t-07 

25 7.7ol-*l-«o7i.-u7 

31 1.04U47u4t-06 


FURTHER CALCUL AT IONS 3<*2726J3 

pRtssuKt v A lois in the nohqihehsIonal fork 


2 2.61237076E-Q3 

7 6.*.159Z4b76-O0 

12 0.91O56804E-CS 

JL. iAiiSe&'-VQtrflL 

22 6.874789046-07 

27 9.620790216-07 

32 1.299762506-06 

37 1.04179237E-8& 

62 1* 75*012146-06 

J*? 1.2 56563916-06 


52 2.1139?/8l)E-Qb 63 2.6227635 

57 2.66&36«.6<*e-06 5A 1.6550637 

62 1.867973626-06 63 1.2911869 

67 1.462661866-06 68 7.0769459 

72 2.363654316-06 73 1.0653193 

__7 7 i .03005 8026-06 7 0 &.;A13I& 

FjRTHcK CALCULATIONS 26626161 

PRE SaURt VALUES IN THE NONDINENS IONAL FORM 


0. 259250616-09 
5.728705706-08 
1.000623766-07 

1, 0 02191 6H-Q.Z. 

6.927596776-07 

1.055649246-96 

9.973382516-07 

1.345523906-06 

9.219754576-07 

£,7J>2trOI9&-tfL 

2.622783506-06 
1 • 65504377E- 36 
1.291106956-06 
7.076945966-07 
1.065319366-06 

ummz*i-9k_ 


0.061 31 42 5c -11 2 5.473901966-09 3 

2. U6- i624^t-w4 7 3 . 294«*i*t 9UE-0S 0 

7.9C1JJ vvvt-00 12 7.112578656-00 13 

U<rUi.ZML 17 2. 720679796-07 18_ 

7.1t,tts94 4.t-07 22 6 . 79145916-0 7 23 

7.7oWl-.o7i-u7 .. 27 b. 652267596-07 20 

1.03li37iiiw-06 . 32 9.926945466-07 33 

i.lbb42u22f-bv _ 37 7.338236116-07 3» 

9.5014. 9-7--.J7 42 1.681463866-06 43 

g.ZiigblJlE-ja *7 1 .63 67 70906-06 4ft_ 

1.934»«-j2v6-J> 52 2.51*377666-06 53 

1.42*Jl i44i-65 67 6.727175896-07 58 

2.294b i/s-Ji-Lo u2 8. 802081026-07 63 

1.652iL><*l'-3b 6/ 2.652774606-06 68 

2.4 jS»75Jjt-0i 72 1.077103856-06 73 

LsJi 4 » ti lu£-U a 77 -3.7 7 1174 0 56-07 7 0 _ 

VlLUc. TJ Uc. JitJ FOR FUKTrttK CALCULATIONS 3505993 


7,530936776-09 
6.45090901 E-Q6 
1.16426814E-07 
_i»550 377a9t-Pt. 
5 .278342926-07 
0.055190246-07 
1*172716416-06 
0.102408676-07 
1.70155569E-06 

L* 1.9744 Q21Er8t- 

1 • 09 7 9218 86- 06 
1. 64414 167E- 06 
Z. 441570726-07 
-1.002864376-06 
4.020241336-06 
5. 01918923E-07 


■I JRhAk.1 260 PRESSURE VALUES IN THE MONO I HE NS IONA 1 F0RH 
.76-13 2 5.103900166-09 3 9. 023590666- 09 

S9E-Q8 7 b.76024497E-08 8 5 . 3192S260E- 00 

o.i-00 12 1. 142Q241*.£-fl7 13 1 .008788906-07 

1.7 £,_Q52h254 3E-J) 7 1 0 4 . 8395139SE-07 

c:*-07 22 7.7*1791b5£-07 2J 1.006721636-06 

4 It- j 7 27 1.03830.3576-06 20 1. 229464876-06 

7 ».£ - il a 32 o. 75b97940E-07 33 1. 09861525E- 06 

231-Ua. 47 1 . 119991 b 5E-06 38 1 .23223372E-06 

•,/t-Oa 42 l. 107832blE-Ob 43 1 .41340607c- 0b 


2.$47*52i3c-0o 52 2 . 4 77>»0 8336-06 53 1.92575146E-06 

1 . 053 j4 772L-06 57 2.315415336-06 50 2.36063727E-06 

1.3o7 »4b2>i-uo d 2 2. 57914b4 JE-Ob 63 7.b25799l5E-07 

2.0o6*-6h jt-Oo • b7 l.b«2i2273t-06 68 . 2.73562990E-06 

4.7329404ii-u7 72 1 .35562449E-06 73 9.6D66832JE-07 

. -1 . till J V» J 5 r l 3 . 6 7 94 72 5 5fc -o 7 7 8 2 , 150 32«46 t46_ 

VALUE U ut J Sc. J F0< FURTHER CALCULATIONS 8312929 

i.jRn-blZfcil PRESSURE VALUES IN TH£ ROND I HENS ION Ac FORH 
9. 056520 3 it-11 2 6. 42955720E-09 3 4.6<«O0125?t-O9 

3.O01413OJ6-O4 7 3.2D04O477E-O8 0 2.869698956-00 

7.**3‘.>‘. Ja »t-04 12 7.54 75813 7E-0.8 13 7.082564736- 80 

3. 35-.. j J J a J-_0 7 *7 2 . 93 028 SIZE- 0 7 1 6 ; 4.805175656-07 

5.0E9.^ai4t--/ 22 5.15112711E-07 23 8 .J2S39037E- 07 

7.»u7ja947t-v7 _ a 5. 70591.3226-07 20 i.i035oi«7£-06 

7.19 j.Jc »0t-*i7 32 1. 059528266-06 33 1.462220816-86 

l.lbl-tcVjbE-Os _ 47 6.26247Q22E-Q7 30 1 .237 31246E- Q6 

6.30256355C-07 42 1 . 7 03084906-06 43 1.214123276-86 

1.49bj<.44-*i-bB h 7 2.1i So 7 61 16-06 4# 1.319106926-06 



1 

4,2297l337i.-lJ 

2 

5.104900166 


6 

3 . -.lEl/ ia-»£-08 

7 

b . 76024497E 

• 

11 

7 . 5tt49-j‘»o'Ji”U0 

12 

1. 142EI2'*1‘*6 


Jl9 

2.89b«73 Ji £ -07 

17 

_g_, Q52H2543E 


21 

5.-1 '1S9C3E -07 

22 

7 • 7<» 1791b5E 

» 

to 

7. •*3 94.141^-37 

27 

1. 03 031)35 7E 


31 

. 1.494i7-*7».E-0a 

32 

o.75b97940C 


39 

1.409)9 >231-0 o . 

47 

1.119991856 

1 

-.1 

1. 7 b5 a Itil 7t -Oa 

42 

47 

1. 107d32blE 


51 

2. 5*»7 9 42 a 3c-0o 

52 

2.4 77>*0833E 

0 

56 

1 ,053 94 7 7 4L-06 

57 

2. 315415336 


61 

1 . 3 o 7 »4a2 >i *im 

o2 

2. 57914b43£ 

* 

... bb 

E.Oobt-b-it-jo 

b7 

1. ba2122736 

71 

4. 7 32a**3v 9i-u7 

72 

1. 3556241. 9E 


76 _ 

-1.C40JC51 3ctJ5 

fL_ 

.4. 67947255E 



268 



*1 

1 ,7 J9j7jl7E-Jb 

91 

2.09464316c-a» 

S3 

2.30144841E-O6 

§6 

2.09990S38E-86 

99 

2. 0756271 7E- 86 

So 

2. J362»9i6:>C» 

57 

1.23075340E-06 

99 

2 »3620 1098E-06 

H 

9.41727964E-08 

68 

I.1725USK-06 

Li 

2. Lo22 it'* *L-uo 

bZ 

2.46fi335i6t-06 

63 

1 , 7480 2555E- 0 6 

66 

1. 049213576-06 

65 

1. 017316616-06 


l.07<*7>7i*t-do 

67 

1.65812592E-06 

68 

1.72517478E-06 

69 

8.426103926-07 

70 

6. 6 129662 IE- 67 

n 


7^ 

2.34108289E-06 

73 

1.440093C3E-D6 

7b 

1.152733696-06 

7* 

1. 685791616-56 

Ja 


U_ 

1.29776668E-07 

78__ 

a,2ZA9lfl41.£-07 

79 


9i_ 

^ZiJUlbWULrtlL 


1 •» An value. T3 iL JliE J f Q<< FURI ri£R CALCULATIONS t -*33345 

VARIANCE. AND DEVIATION ANALYSIS 


TINE INJiA 


HU AN 


VARIANCE 


DEVIATION 


IHEAN)* (DEVIATION} IHEANT-IOCVIATIONJ 



1 

1.911723916-10 

2 *66050 199E-20 

1.63110653E-10 

3 . 54 282844E-10 

Z. 806193 75E-11 

t 

2 

4.00 J*7734t-J9 

1.78606336c- 18 

1.336636 02 E- 09 

5.J4571416E-09 

2.67284C53E-09 


3 

9. 7 jl>4 J22t- 09 

1 . 0985350b£- 17 

3. 31461 55 9 £-09 

1.310 63 589E-08 

6.47752765E-09 


6 

1.6bil4l23c-06 

2* 39846 739c- 17 

4. SB 09 25 Cl c- 09 

2. 12623373 E- 06 

1.21006873E-08 

0 

5 

3.1267 0616E-Q8 

3.82074237E-17 

6. 181215396-09 

3.744627686-08 

2.5O85046OE-O0 


6 

J.46l7<J4/5E-0S 

5. 380732956-17 

7.3353479SE-09 

6.1 95319S5E-Q 8 

2.72B24996E-00 


7 

4.4ywl j/llC-08 

1.66786826E-16 

1.24ai4594£-08 

5.70425304 £-09 

3.20796117E-08 

0 

0 

5.337134*16-08 

9.Z2805996E-17 

9.60627917E-09 

6.297762326-08 

6.37650649E-08 


9 

4.b4»9133it-Utt 

1.921b0fa25E-16 

1.38622O13E-08 

6.032153966-08 

3.25969370E-08 


10 

t.7l J^3o2Jt-OB 

4.2615321QE-16 

2.0b4347fl6£-08 

9.28498406E-B8 

5.15 626 B33E- 0 8 

0 

11 

i. 19^ J5128E-Q0 

6.51137 4566-16 

2. 12399966E-08 

8.32 2350 94E-0 6 

4. 07435162 £-08 


12 

■J.Q?776518€-0a 

9.4696b249£-l» 

3.077Z4167E-08 

It 21 350669Er07„ 

5.98050351E-06 

'' 

13 

9. 66ioll72L-0c 

6.9906l5iJ£-lo 

2.233923756-08 

1.167553556-0? 

7.2076B797E-08 

• 

1*. 

». 3dai9iaBL-B7 

1.6972 9b 7 4C - IS 

3. 996o19h9E-08 

1.78B65293E-07 

9.693289316-98 


IS 

1.95165137E-07 

1.73341245E-15 

6. Ib362701£-ja 

i . 367994 5 7E-07 

1.5J530916E-07 


16 

2. 3o7b994it-07 

2 .62 18 0843E-1S 

5 • 12035978E-08 

2.879735416-07 

1.85566345E-07 

0 ’ 

17 

3. 0u2Jw430t-07 

7.3913fa218E-15 

B. 59 73 0 317 £-08 

3.86203521E-07 

2.142574566-07 


la 

4 i 5672»3aOE-D7 

6t306i99i9£rA5_ 

7.991369846-08 

5.35b420b4E-07 

3.758146bSE-07 


19 

. 4 . bo4d 04 38t “ 07 

1.31485021E-16 

1.1466.19186-07 

5.810733566-07 

3.51739520E-P7 

0 

26 

>. ii4 39 76496-07 

1.69659606E-16 

1.223353606-07 

6.267JJ0Q9E-07 

3*820 62209E-O7 


21 

■ 5. 8c51 6 12 J £-0 7 

7.3976691QE-15 

9.60 Q91Z226-C8 

6.64525243E-07 

4.96506998E-07 


.22 

6. fa 1 9 365692-0 7 

1.009877986-14 

1* 0Q4926856-07 

7. 624282 75E-07 

5.614429066-07 

0 

23 

7. t<K»a2694c-07 

2.448026326-16 

1.564616 89E- 07 

8.65344583E-07 

5.524212046-07 


2*. 


1. 7737 9529E-16 

1. 331839Q6E-07 

9.4579o325E-07 

5 .8Z4Z85 J2EtO£ 


26 

a. L1 h 2 1 9d7fc-0 7 

6.33bl53flbc-16 

2, U823431 6£ -07 

1.D09&563QE-06 

5^931876706-07 

0 

26 

. 3.0ivl96/6c-07 

1. 59693 bJ9£~16 

1.2fa449065E-07 

9.274faB720£-Q7 

6.74570630E-07 


27 

a. 6 •» J fat 537E- 07 

Z.342S4755£-14 

1 . 53 06 38 32E-0 7 

1.02211537E-06 

7.160077 05E-07 


2a 

9.12i2/bl8E-07 

5* 3305 7268c- 16 

Z ■ 3Q86 J J26E-0 7 

1.14350794E-06 

6- 817472936-07 . 

0# 

29 

9. 5613 1 10 6E- J 7 

6.138679026-16 

2. 47763577 E- 07 

1.2359446SE-Q6 

7.40417528E-07 


30 


_ 2.507 6 721fat- 16_ 

1.6085o2 146-0 7 

1.214B1436E-06 

8.931019J3E-07 


31 

1. 0 io5l4J2c-ii6 

7.037b3835U-16 

2 • 7995 7 824E-0 7 

1.37647685k-06 

6.165611976-07 


32 

1. 1 635a2J7t-06 

2.87C658-.5E-16 

1.694301 766-07 

1.27301255E-0& 

9. 341 5Z195E-0 7 


33 

1. 124 J 7 4 J 2£- 0 6 

6.6B0L1469E-14 

2. 163334 16E-Q 7 

1.3457Q744E-06 

9.13040608E-07 


36 

1. l)>7 8 1 l*»3c-0 6 

2.63130231E-16 

1 .622126556-07 

1.22 00 2432 E~ 06 

8.95598546E-07 


3 S 

l.2loCo27SE-flb 

1.0079l837c-l 3 

3. 17477331E-07 

1. 61 3 540 J5E-06 

9.78585 452E-07 


36 

l . 1 //fadaJfaE-Ob 

1.0369193JE-13 

3.22012318E-07 

1.49970069E-06 

8 . 556760446-07 


37 

l. Cal634i9£-06 

B. 531115106-14 

2. 920B0693E-07 

1.376U148BE-06 

7.899534966-07 


36 

1. 1?4343 Jl£-Qb 

5.03743657C-16 

2.24442299E-07 

1. 37938561E-06 

9.305010 C9E-0 7 


39 

1.479Sda73t-06 

1 . 33394 72 IE- 13 

3. 652324 HE-07 

1.844B2116E-06 

1 .116356306-06 


6S 

1.35245506C-36 

1.73404639E-13 

4.164190&6E-07 

1.76887412E-06 

9.36035990E-07 


61 

1.3-* j51522l-u6 

2.573303-J5E-13 

5.07277424E-07 

1.9J6792»4E-06 

8.92237793E-07 


62 


i.72225427£-16 . 

2.5927 31046-07 

_ 1.79463448E-D6 

1.2760 8828E-06 


63 

1. 4925<*32/C-0o 

2 . 153b32 1 7E- 13 

4, 64072626E-07 

1.91 6612 7 0E-D6 

9.88667847E-07 


64 

1 ,66195999c- 0 b 

1.3b849163c-l3 

3. 699312 95 E- 07 

2.0218912BE-06 

1.28202870E-06 


65 

l. idl23b41t-0b 

1.9601a 94 4E-13 

4.6100949JE-V7 

1. 82284 590E-06 

9.3962b916t-07 


6b 

1. 6632 6 93a t-Oo 

1 . 78 i2b863c“ 1 3 

4. 22050783E-07 

2.11530986E-Q6 

1.2712083CE-06 

%» 

67 

1. 5s6 7 1 72ttt-d 6 

2.191937622-13 

4,bttl8l335£-B7 

2.02289862E-06 

1.08653595E-96 


66 

1.9jl'ild6U-ub 

Z.8J852a80c-l3 

5. 2995 5545E-0 7 

2.4J186605E-06 

1.37 1 95496E-06 


69 

I.^H2Lj397e-0fa 

2.3lb95476c-U 

4.49105195E-07 

2.39173616E-06 

1.49352577E-06 


5.6 
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2.5477 1 750E-1 3 

5.C4749196E-07 

2.5309151 7E-Q6 

1 • 52 14 1678E- 06 


51 

2. uZ?0 7 J47E-06 

3 .02 2&6262£- 13 

5.4980565SE-07 

2.5718761 3E-0 6 

1.47226482E-06 


62 

2. it >2v326t-*ib 

4.7079902bc-lJ 

6.861479626-0? 

3 . (1494 1 1 2 0E-06 

I • 677 1 1528E-06 


53 

2«2>7bb/62h-C6 

4 . 30455b 15E- 1 J 

6.66091316E-07 

2*91364 914E- 06 

1.B0146651E-06 


5** 

2. by 05 31^1 VT06 




2.186076926-06 



2.tUl7JjdJg-0b 
2. L-*/bH75E-0e 
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2.Uo515J2t-06 
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..Z.S'toSjt^E-Ofc^ 
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2. 2**2», JZb’dc-Ob 
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l.ol:»730>ttfc.-O6 
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1. ? Js J j(J7ac-0b 

1>6 UbJl 

1.21i«5S97C-i)6 
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1.34obl360E-06 
l. OowbOQ^L-Ob 
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1.4j53^USc-0t> 

•*. ao ii}T(iT Jt-J/ 


1.B3152908E-1J 
8 . Si 57 56 Q 0£ - 1 3 
6.01721927E-1J 
i.S2&5l70«.E-i J 
6.71O01O7 ?l- 13 
_1.259iai65t-12.. 

1.61837U63E-13 
B.06051D11E-U 
6.721905756-13 
6.dD6*>62<>dE*13 
3.9192S58SE-13 
_$,66itl563>.e-i3 
l.Qb*.767b9£-lZ 
9.92lti4U0l£-t 3 
8.61 2 <.098X6-13 

6 . 9 *. 62 b 7 aQ£-i 3 

1.03461*096-12 

8.66168473 6-13 

1 . 335 Bb 94 bE-X 2 

6 . 1366744 QE -13 

1.47911923E-12 

6.4l40?52Qt-l3 

5.62454245E-1J 

_ 1 . 03307199 £-i 2 _ 

1.22li7972t-i2 

5.93Q9814bE-13 


6.279SI676E-07 
9. 2280 e{j<*S£-0 7 
6.33815373E-07 
3.B99J3077E-07 
B ■ l9l4fc654£-0 7 
_Jl.l2Za9699E-6&_ 
4.O22896O0E-O7 
0. 97 8034376-07 
6.B/l61246t-07 
0.25O12B78E-O7 
6.260396036-07 
_6,O5l3265dEr07_ 
1< 03187581E-Q6 
9.960441766-07 
9»28flJl}^3ie-«7 

0. 33442679E-O7 
1 • Qt 716Q21 £-06 

1. 155798HE-06 
7 • 633692876-07 
1.216l904#£-06 
9. 11 815508 £-07 
7. 499694966-07 

-J*Di64Qll9£-06_ 

1 .HI 5 C 7 Q 0 U -06 

7.701286‘»9E-07 



2.42970JS«£..J& 

2 .970520 4 BE-06 
2. 56902 1 02E-Q6 
2.S2645310E-06 
2.48139107E-0& 

_J. 516692965-06, 

2.3J2661S2C-06 
2 • 87 #3834 76- 06 
2.37527260E-06 
2.9 JO6J649E-06 
2.8oBG42l9E-06 

-ZU.m*7ifJEr0i 

2.64&10051E-06 
2.23b23572fc-06 
2. 7*3 761 0 IE-06 
2.354448J8E-0& 
i! • 7525 1 8996-06 

_£..5529696ZErQ6 

2.B4739976E-06 

2.OO242526E-06 

2.33B13816E-Q6 

2.248429Q1E-06 

i.fl3457(I47E-06 

_2«636335Q6£r!U, 

2.410111056-06 
1.25 869573E-06 


1.30139026E-06 
1.746S7696E-06 
8. 43097966E-C7 
. 1.27s 59899£-«6 
1.498Q8192E-06 
1. 082 7 7659 E-Ob 
1*000950116-06 
1. 260610736-06 
1.6159&299E-06 
_9.B5832115£-07_ 
S. 82348893E-U7 
2.44i4?368£-fl7 
• • 87700 147E-Q7 
6# #75530 19E-07 
7 • 18196 5686-0 7 
6«41S84081E-Q7_ 
5.356B3376E-07 
6.356866B1E-07 
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4.24797997E-Q7 
3.346J1476E-07 
_6* 0 3 5320 75£- 07_ 
1.9997104LE-07 
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Appendix 5 

RECTANGULAR ROOM PROBLEM NORMAL 
MODE PROGRAMME 

This appendix gives in full details the 
results of the application of the Normal Mode solution 
technique (Chapter 6 ) to a rectangular boundary problem 
that is under investigation (Chapter 5). Included herein 
is a complete listing of the programme that was used in 
these calculations on the CDC 6 I 4 .OO of the Computing Center 
of the University of Virginia, The printout results 
accompanying this listing correspond to the pressure 
values shown in Pig. '56. 
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******************************************************** ***** 4 * ***** 4 ***** ************ 


P»OG»Mt NOPNAkf INPUT j. OUTPUT, TAPE10»1NPUT , J APE! l«OUTPUT) 

83CS3J DIME NCIC.N P(A0>,N<3),ENLl3)fXS(3>,XR(3> 

> C0:503 P£4j<t[»,3C)SONSP,TPULS,Tt,SO, lENUI) , , I XS (I) , t«l,3) , 

, IM»J> ,EP3LM,PI,HEI&M i AB-O-.O I NEXGN*<H£I&N-1>»HEXGN»*2 
G® 005 ** wRIT5(ll r 32J5ONSP f TPULS,Jl,S0,AB,A9,AD, IENL II> , 1-1 ,3) , IXS l V ,I»i, 

■*' 13» ,(XP(t>,lBl,J), EPSLN, ME IGN , NE IGN « ONEG= «2. 0*PI)/Tl 

033130 JTPl3=T:/TPULS 1 JT«J TPI.S* 1 t JT2*2*jTPLS t ANN* OK€G*SO/(ENl Cl>* 

2ENL <21 *ENL { 3) •S0NSP»*2» t DO Z J*1,JT2 * P<J1«Q.Q 
^ B001**T 2 CONTINUE 1 ONSON^OMEG/SONSP S OTi«OMEG*Tl t SAOl>$lM<OTl> t CAOt* 

ICOS(JTI) i OH2*OMSON**2 S 00 24 IN0X»1, HEIGH t ft(l)«XNOX*l f DO 24 
2 J f, D*=l , ME I&M t H(?>-JHOX-l t DO 2*, XNOX*l , HEIGH $ HI}} »K«DX-1 
® 000173 U42sj. 1 £tiM=01 = l. I DO 12 K*'l,3 % AM=PI*M <K> /EM. Otl S SK*AH*XS(Kt 

P3S236 ...... IFl^un ,NE.0> Ell^-ENH/ H t UM2*UH2MM»*2 

033213 t 01 = D1*(COS ISK11 MCOSIRK) I /EMM 

<3 033224 12 CONTINUE 1 •3N2*Of12-UM2 S IFIUH2.EQ. 0 .01 GO TO 24 

833252 H-=»*S<3M2> l IF ( BH2 ,L T . EPSL N> GO TO 19 

C ‘0*1141 MOOE FREQUENCE CLASSIFICATION 

<3 033234 14 R4=V.Rf (BM21 t OMC*aM*SOWSP t ON=OMSDN/HH 1 00 15 J«1,JTPL$ 

033245 T*J* TPjlS t Ot = fjHFG*T 3 SAO«=SIN(OT> J ,lT*aHC*T $ S*K=SINOTl 

030260 15 PtJ)*P«J»*Dl*(S60/9M2+ON*SAK/UH21 » 00 16 U*JT,JT2 t T*J*TPULS 

** 033276 i 3a*=SINTaT> 

033502 BTA = RM**(T-TU I SA1-SIN(0TM t CAl-COSIBTA) 

033311 16 Ff J) =P{ J»*01"(SflDl*CAl/aM2*OM*ISAK/UM2*C«01*S«l/B«2»» t GO TO 24 

° 833 JJ3 la 01 = J1/OW2 1 00 13 J=1 , JTPLS 1 T*J*IPULS g OT»OHEG # T 

0 30 3 37 13 P(J)=P(J)*3li(0T/2-SlN[OT)l % Dl»01*i,2 J DO 24 J=JT,JT2 

000355 T = J* T°UL S * 0T = 0NEG*T * P < J1 =P I J> *01 * I OT/2-SINC0T > » 

*• G0C371 24 CONTINUE I 00 26 J*1,JT2 1 P t J) = *Nrt*P C J» 

803406 26 CONTINUE 5 HR IT E 1 1 1 , 34) l J ,P( J) , J* 1, JT2 1 

C FORMATS • 

- 080424 30 F0**AU14F5.2,F8.5,I2) 

000-Z* _12 F0-' 1*6. T ( 1MI , 30 X* TRANSIENT ACOUSTIC FIELD IN RECTANGULAR CAVITfV/ 

1 45/* NO 2 r AL MODE NETH0D*//50X*PREASSIGfiEO CONSTANTS*//7X*SINGLE CTC 
* 2LE SINUSOIDAL PULSE ALL WALLS PERFECTLT REFLECTIN6*//5X*S0NSP »* 

3tlS. 8,?X*TPULS “*E16.b,2X»PULSE PERIOD =«E 16. 6 , 2X*PULS€ STRENGTH ■ 
4*£16.1/5X*SP6TIAL BOUNDARY H ALL S 1 1 , 2, 3 , 4 ,5 ,61 V5X ,6<Et6. 6 ,2X I / 

- 55X-SORS(l,2,3» =*3<E16.8,2X}/5X*RECRC1|2,3I «*3 (E16.«,2X> / 

65X«£PSLH »»E16.8,2X*HEIGN **r 3,2X*NEIGN »*I61 
900424 34 FORMAT ( 20X*NOKHALIZED PRESSURE VALUES IN THE NONOIHENSIONAL FORK*/ 

•-» 1<5<5/,I2,2X,£1&.9) 1) 

900424 STOP 

800426 END 






NORMAL 


PROGRAM LENGTH INCLUDING I/O SUFFERS 
00504Q 


FUNCTION AS$IGhhf.,t$_ 
STATEMENT ASSIGNMENT S 

T«. - 9C021E ig 

32 - 0004.50 3V 

a OCR NANes. ANO LENGTHS 


•' 000330 25 

000525 


variable assignments 


A9 


0C3731 

AH 

m 

000/55 

ANN 

3HC 


000/62 

3H2 

m 

COO/60 

BT 

rt- CAOl 


003/44 

CAl 

• 

000/73 

01 

Enm 

._.T 

.. 000/52 

EPSLN 

• 

_ 00 0726 

I 

J 


0CC/40 

J‘IOX " 

m 

00074/ 

JT ' 

♦•'p JT? 


0 3 0 7 !L 

* 

«* 

000/54 

KNOX 

He IGM 


000/30 

HFIGN 

• 

000/32 

OH 

OHS3N 


030/41 

OHZ 

•» 

000745 

or 

• i P 


000555 

PI 

• 

C0C 72/ 

RK 

$AO 


-.900 76fc 

36 Q1 

• 

_000/43 

SA1 

$o*«sp 


000/21 

SO 


000/24 

T 

n 


330723 

UH2 

- 

OJO/51 

KR 

START 

OF 

CONSTANTS 






007430 


START ‘if TEMPORARIES 
000540 

START OF INOIRECTS 
003553 

UNU1E 3~C0HPfL£A;'*iPACE“ ' 
033500 


0001/1 3 fi 


000/3/ 

GH 

000/67 

BT A 

0D0753 

ENL 

000725 

INOX 

000/35 ' 

JTPLS 

000/50 

H 

000763 

OHEG 

000765 

OT1 

00075/ . 

SAK 

0037/2 

SK . 

000764 

tpuls 

000716 

xs 



- 000555 


000/61 

000//1 

000/10 

000/46 

000/35 

000/05 

000733 

000/42 

000770 

000/56 

000/22 

000/13 


i 



* 

CORE NAP 16.34-.u6, 

NORMAL 


-r_-TIM f o" 

WAP. 10J1. 


FMA LOAltR 

C35761 


-PPOC.R4N-- 

--ADDRESS 


tiOPHAL 

aooioo 


SlNCOS 

005148 

o 

SORT 

0052J7 


system 

005112 


CETRA 

106414 

ft 

INPUTC 

004433 


KQDER 

0065SU 


KRAKC R 

010022 

ft 

O'JTPTC 

011073 


. ... «.SL_ .... 

_ iJ M65_ 


CONTROL 

^irp t"— - r-- T-r US£R— r**--- CALL---- 

034141 

--LIBELED CON NON— 


080302. 


088101 012923 008808 908008 

■run. LM0--1H6 L 080—81 NR COMR— LEB5TN— 


---- yUSLTI »FieD EXTERNALS- 


REFERENCES 
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TRANSIENT ACOUSTIC FIELO IN REC1 ANGULAR CANITY 

" ’ ■' * — NORMAL HOOE METHOD - ' ■ : 

PREASSIGNEO CONSTANTS 

SINGLE CYClE SIMUSOIOAL PULSE ALL NALLS PERFECTLY REFLECTING 

somsp * i.iooaaoict+bS Tpuls » " s'.oaosooooE-as pulse period » e.ooooooooe-oi ' pw.se strength > i.oooeaoooE+oo 

SPATIAL BOUUjARV * ALLS 1 1 , 2 , 3 ,4,5 ,61 

0. 0. 0. l.tC0CiQC00e*0Z 6.60800000E»Q1 4«48tl§flfl0E*ll 


S0RS < 1 

,2,31 * ? .2 DID 000 OE* 01 

3. 3 0 00 0 0 0 OE *-0 1 

2. 

200000001*- El 





RE5RC1 

,2,3) « 3.260a0003E+01 

3 > 74 0 00 0 0 QE + Q 1 

2. 

860 0000 0E+C1 





EPSLN. 

■ 1,063030336-03 

HEIGH 

« 15 NEIGH « 3150 







NORMAL I ZED PRESSURE VALUES IN THE 

MONOIMENSIOMAL FORM 





1 

l.l&997455€i-06 

2 

-4.836961766-09 

3 

L. 83 493 169 E -08 

6 

-2.38841986E-8# 

9 

-0.B4355995E-08 

6 

■l.GH&b«323£-Q7 

7 

-1.Q5871883E-Q7 

8 

-1.10455186E-07 

9 

•9. 97 832952E-08 

11 

-6.1 1416 369E-0 8 

11 

l,5;62T29?E-06 

12 

3.51957281E-08 

13 

9. 8563 1 892E-0 6 

14 

1.55194229E-07 

15 

2. 2192975 7E-07 

16 

2.731138/5I-D7 

17 

3 * 39505625E- 07 

IS 

6.04648C67E-07 

19 

4.69586572E-07 

20 

4.8S2J2143E-07 

21 ..... 

5. 305S217H6-07 

22 

5,855332666-07 

23 

6. 50 066953E-07 

24 

7*14 58 0052 E-07 

25 

7.8737 13056-07 

26 

A.4 97’S)6 36?-67 

27 

9. 1093354 9E-07 

28 

9. 59 00 8162 E-0 7 

29 

9.84345196E-07 

30 

9.98217465E-07 

31 


32 

1.C17249Q1E-06 

33 

1.01 769206E-06 

34 

1.D057O291E-O6 

35 

1.011134446-06 

35 

1. 0 1265363: -C6 

37 

i. {,24054206-06 

38 

1. 0609697 JE-06 

39 

1 • 0580232 3E-06 

60 

1.05193683E-06 

61 

1 • 2 02955 1 3 E-Ob 

62 

1.162980586-06 

63 

1, 13923671E-06 

64 

1.081330346-06 

45 

1. 02395285 E- 06 

66 

9.06<l?3e36e-07 

67 

9. 6976 48 7 9£- 07 

68 

9. 725870896-07 

49 

1.OO947099E-Q6 

50 

1.O76G694CE-06 

51 

1.U997J16S-D6 

52 __ 

. 1.16698669E-0& ... 

53 

1.215457486-06 _ 

_ 54 . 

. 1.2753lt2iE-06 

55 

1.369678O6E-06 

56 

1.65934393E-06 

57 

1 .55 0269 7 IE -06 

58 

1.62096622E-O6 

59 

1.67708992E-06 

61 

1.74913746E-06 

61 

l.ttSiLiTsir-es 

62 

1.965 7930 8E -06 

63 

2, 02321867E-06 

64 

2. 108953 19E-06 

65 

Z.ZO087977E-06 

66 

2.263 ?6297£-&6 

67 

2.303031UE-0& 

68 

2.333651706-06 

61 

2.35157390E-06 

70 

2.37570545E-06 

21 

2.36416434E-06 

72 

2.61261506E-0& 

73 

2.656S7097E-06 

74 

2.4 758Q480E-06 

75 

2.46894539E-06 

26 

2.61723662E-06 

72 

2.395920B1E-06 

78 

2.4O937144E-06 

79 

2.42509326E-06 

80 

2. 41705 04 6E -06 
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Appendix 6 

MONTE CARLO APPLICATIONS TO ACOUSTICAL FIELDS 
A MORE GENERAL PROBLEM 

The problem of investigation of the 
transient acoustical field, due to a monopole sound source, 
inside a cylindrical duct, considered in Chapter 8 represents 
a particular case of a more general problem in acoustics. In 
this appendix is presented an outline of a more general 
Monte Carlo flow diagram (Fig. A6.l) developed for investi- 
gation of an acoustical field inside a nonrectangular 
boundary, due to a distribution of sound sources. For 
convenience of discussion, the programme is subdivided under 
the following five major headings : 

I. Input and Initiation 

II. Source Routine 

III. Ray Tube Initial Specification Routine 

IV. Ray Tube Processing Routine 

V . Analysis Routine 







Pig* A6*l Acoustical Field. Inside a Curved Boundary 
General Monte Carlo Program© 






The progressive, step by step, processing in the simulation 
is presented in the following sections, 

INPUT AND INITIATION 

The quantities NR, NS, and NRB that appear 
in Fig. A6.1 require the permanent storage; whilst NSA, NRA, 
and NRG require the dynamic storage. 

In the conceptual, idealized, physical model 
of a given acoustical system for its appropriate description 
it becomes essential to consider a certain finite number of 
different acoustic sources; this number is designated by the 
quantity NS, As explained in Chapter 7# in the Monte Carlo 
application, the strength time history of each of these NS 
sources needs to be replaced by its equivalent finite 
interval time representation; from which is selected then a 
set of initial variables for the ray tube. The number of such 
ray tubes used to represent each of these NS sources, in any 
particular block of calculations, is given by the quantity 
NR. At any stag© during the process (NSA - lJ is the number 
of sources already processed, and (NRA - l) is the number of 
ray tubes that have been processed for the NSA* 3 * 1 source that 
is currently being processed. The ratio.;. NR A /NR constitutes 
a sort of estimate of the probabilities, and in order to - 
observe the convergence and the reasonableness, it is sometimes 
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desirable to initiate the results printout periodically, say 
after every NKB ray tubes. NKC denotes the number of ray 
tubes processed after the last printout, and is reset to zero 
after printout. During the entire problem, it is noticed 
that, KSA accumulates; whereas NRA accumulates only in a part 
of the problem corresponding to any particular source. For a 
particular source, if so desired, the computation may be 
terminated for that part for any ratio NRA/NK at which the 
statistical considerations indicate that the accuracy that 
has been obtained is sufficient enough. 

All problems require the use of spatial 
and directional coordinates. In complicated geometries, for 
example in cylinders, even if- there is a symmetry, as pointed 
out by Cashwell (1957)> it Is not worthwhile to use the 
coordinate system dictated by the symmetry, the reason being 
that when the ray tube proceeds from one position to another, 
the directional coordinates change; on the other hand, since 
the direction cosines remain unaltered under the linear 
displacements, the Cartesian rectangular coordinate system is 
preferable. In the analysis presented here the system that is 
used is the Cartesian rectangular coordinate system; this 
along with the directional coordinate system is defined as : 
Spatial : XI*, X2*, X3* 

Directional : DC 1, DC 2, DC 3 

Temporal : T* 
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Systems encountered in practice involve 
the variations in geometry and material properties of the 
enclosing bounding surface. A finite approximation for this 
would be to subdivide the region into appropriate zones with 
zonal index given by, say, 

ZN -1,2, 3 > * ZNMX 

presuming that in each of these zones the properties are 
very nearly constant. This involves storing the material, 
and the geometrical properties as functions of spatial vector, 
say, RVEC, locating the position in the region, as well as 
the zonal index ZN. .Permanent storage then contains the 
quantities such as 

Material Properties : MTL(RV£C, zN) 

Geometrical Properties : G1\L(RVBC, ZN) . 

In such cases ZN is another parameter that must be added to 


the list of the ray tube parameters* 

Summarizing, 

the 

parameters for the ray tube are : 




Space coordinates 

XI*, 

X2*, 

X3* 

Direction coordinates 

DCl, 

DC 2, 

DC 3 

Time coordinate 

T* 



Weight 

Q* 



Zonal index 

ZN . 



In addition to the 

material 

and 

geometrical 


properties of the bounding surface, the quantities that 
require a permanent storage with specific memory location in 
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the machine are the positions of the receiving points, i.e. 
the points at which the acoustical field is to be determined, 
and the specification of the sources. • , 

SOURCE ROUTINE 

The machine is led from the start of the 
problem to the point A in Fig. A6.1; it is here that the 
proper assignment of the point source parameters takes place. 
After having finished the processing of a source, the machine 
returns to this position for assignment of a new source. 

In the statistical model, representing the 
given acoustical system, the generation of sound is considered 
to be an effect of certain distributed point sources. This, 
in general would be a constitution of surface, as well as 
volume distributed sources, the locations of these being the 
points of singularities in the field. 

It is possible to specify, in some practical 
applications, the exact number of the total point sources with 
their locations, origin times, strength time histories, and 
directional properties; then these are stored in the permanent 
storage of the machine as ? 

SORS(NSA) * S0RS(XS1, XS2, XS3, TS, DL(N}) 

for NS A - 1, 2, 3, NS 

where (XS1,XS2,XS3) are the three rectangular Cartesian 
coordinates, dimension length, of the source 



position 

TS is the time of origin, in seconds, of the source 

N is the integral index calling a specific direct- 

ional lawDL(W) from the permanent storage • 

Xn another important class of problems it 
is possible to specify the source distribution function. In 
the statistical model, the continuous variation is to be 
replaced by its equivalent finite approximation; in general, 
this will call for subdivision of the region containing the 
energy sources into source zones 

SZN(I) - 1 , 2 , 3 , .... 

To each of these is associated an appropriate weighting 
function 

SW(H) , N — l, 2, 3, .... 

Wow each source zone is a collection of the point sources, 
the number of these sources being directly proportional to 
the weighting function of that particular source zone, having 
identical strength time histories, and the directional 
properties characterized by a specific directional lawDL(N). 
The selection is to be made at random, until from all of these 
source zones, the sources forming the totality WS are duly 
processed. A method to achieve this is to generate a random 
number, and to use the Rejection Technique. The source 
selection is exemplified by a few special cases of interest. 
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Volume Distributed Uniform Source 

Lot the interval of the three Cartesian 
rectangular coordinates representing a region in which the 
sources are distributed uniformly be given by 

XA(I) -x X(I) ^ XB{ X) for I ?s. 1,2,3 ( 1 ) 

Let f(x) be a probability density function (pdf), and ir be 
a uniformly distributed random number over the interval £0,lj 
(see Eq. 12, Chapter 3); then 

XB 

/ f(x) dx ^ 1; f(x) dx = dx / (XB - XA) 

XA 

X 

K *P(X) - f f(x) dx = (X - XA) / (XB - XA) 

XA 

Hence X =- XA + IR(XB - XA) ( 2 ) 

This relation determines the variable X as a function of the 
random number R , and thus results in a selection routine as 
shown in Pig. A6.2. 

Surface Distributed Uniform Source 

For definiteness consider the surface 

X3 =, 


constant 
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Pig. A 6. 2 Selection Routine for a Volume Distributed 

Uniform Source in an Interval XA(i) < X(I) S: XB{l), 

(I - 1,2,3) 
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to be the surface on which in an annulus of radii RO, and R1 
(RO < Rl) the sources are distributed uniformly; here the 
object is to determine the source position inside this given 
annular region. In this case since the pdf can be expressed 
as 

f (r) dr ^ 2 7t r dr /7l{Rl 2 - RO 2 ) 

R 

!*•= F(R) ■=■ f (r) dr =. (R 2 - RO 2 ) / (Rl 2 -I RO 2 ) 

RO 

Hence R =. [ RO 2 + (Rl 2 - RO 2 ) ] ^ ( 3 ) 

This deterraines the radius R. In order to determine the polar 
angle use is made of another random number iR , the pdf 
here being 

t($) d<P ’ d /■ 271 
,<P ' 

^ = j f(x) dx ~( c ^+7C)/27T 

-7T 

Therefore £=7I'(2lR-l) (1|.) 

Equations 3 and 4 together form the required set of relations 
for the selection routine shown in Pig. A6.3. 
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Pig. A6.3 Selection Routine for a Surf ace.Distributed 
Uniform Source on an Annulus of Radii RO and Rl 
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< RAY TUBS INITXAL SI^CIPIGATIOR ROUTINE 

In tho source routine the source position 
and Its directional properties are specified for a particular 
value of the source index NSA by designating 

SORS(NSA) s SORS(XSl, XS2, XS 3 , TS, UL(N)} ( 5 ) 

Now the machine is led from position A to position B in 
Pig.. A 6.1* It is here the proper assignment of the ray tube 
parameters takes place. After having finished the processing 
of a ray tube, the machine returns to this point B for 
assignment of a new ray tube. 

Prom the permanent storage the quantities 
that need to be activated here are the directional law DL(N), 
and the set. of elementary pulses 

EP(RSA, I) 'a. EP(NSA, T(l), Q(I)) ( 6 ) 

where T(I) -■ (I - 3g) AT for I - 1 to 2 n 

P 

AT is the elemental time length such that the 
product of A T and 2 n p gives the total 
activation period of the source given by - 
Eq. 5 above. 

Prom this set of elementary pulses, representing the strength 
time history of the source SORS(NSa), a random selection is 



made of one, say EP(NSA, I), its strength being Q(IJ, and its 
time of origin being 

Tl ^ ts + t{i) ( 7 ) 

At this time of origin this selected pulse emits disturbances 
in the medium in accordance with the directional lawDL(N). 
These disturbances are to be represented by the ray tubes, 
and followed through along their trajectories. In order to 
accomplish thisit is essential to assign the initial direction 
coordinates DC1, DC 2 , DC 3 to the ray tube at the position of 
the source, where it originates. A few of the directional 
laws of practical interest are considered below with the 
corresponding direction selection subroutines. 

Isotropic Directional Law DL(i) 

This is applicable to a point source which 
is not on or near to a solid boundary. Then the emission is 
isotropic in all directions. In such a case, the selection 
of the direction coordinates can be viewed as the selection 
of a random point on a unit sphere (Fig. A 6. 4) defined by 

DCl 2 + DC2 2 ■+ DC3 2 =. 1 ( 8 ) 

From Fig. A6.4 it is observed that 










192 


and the elemental area dAi on the spherical surface is 
given by 

dA = sinO d6 d£ dD0 3 40 

Let f (DC 3 ) be the pdf, and re be, as before, a uniformly 
distributed random number over the interval [0,1] ; then 
since 

f(DC3 )'dDC 3 - 2 sine d0 / 2j.7T =■ \ dPC3 
DC3 

. 1R = P(DC3) = | f(x) dx - (DC 3 + 1) 

-1 

Hence DC 3 - 2 (R - 1 ( 9 ) 

The remaining two components DCl, and DC 2 are then determined 
by using the equation for the circle (Pig. A6.J4.) in the 
DC1-DC2 plane to give 

R = (DCl 2 + DC2 2 } 58 =■ (1 - DC3 2 )^ ( 10 ) 

and another random number re to provide the polar angle , 
just similar to that in the case of Pig. A6.3 


0 


7 T( 2 re - 1) 


( 11 ) 
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Then Eqs. 10 and 11 together define 

DC1 = R cos cf , DC 2 - R sin 4 > ( 12 ) 

resulting in a routine shown in Pig. A 6 •!{..- 

Cosine Distribution Law PL(2) 

This refers to a point source emanating 
from a surface; let the direction of the outer normal, 
pointing into the medium, to this surface he defined by 
the direction cosines 

DCl - 0, DC 2 - 0, DC 3 = 1 

then by definition the cosine distribution has the pdf 

f(DC 3 ) ’= 2 DC 3 with DC 3 & .q 

DC 3 

IR - F(DC3) = | f(x) dx =■ DC 3 2 

0 . 

Hence DC 3 - R ^ ( 13 ) 

With this restriction, the other direction components DCl, 
DC 2 are chosen by selecting a point on the unit sphere 
(Pig. A6.4-); resulting in a routine shown in Fig. A6.3>. 
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Pig. A 6. 5 Selection Routine for Cosine Distribution 

Law DL(2) 
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General Distribution in the Upper Half Directional Space DL(3) 

Occasionally it is necessary to consider 
a point source with DC 3 ^ 0 having some experimentally 
determined distribution of the direction component DO 3 , 
supplied in a tabular form. Let 

DC3(0) - 1 > DC3(1) > > DC 3 (I) - 0 ( 14 ) 

then defining F(I) to be the probability of DC 3 being greater 
thanD03(I), it can be tabulated as 

F(0) = 0< F(l).< < F(I) =. 1 ( 15 ) 

With the use of these tables a routine as shown in Fig. A6.6 
(Cashwell, 195?) can be constructed, where the method of 
interpolation is adopted for the determination of the exact 
value of DC 3; the other components DCi, and DC 2 are then 
obtained, as before, by locating a random point on the unit 
sphere (Figs, A6.£> & A6,4) with the above computed value 
of DC 3 . 

Prejudiced Directional Law DL([|.) 

This corresponds to a prejudiced point 
source in which certain range of directions need to be 
sampled more thoroughly than the others. For example, 
consider a case in which DC 3 is uniformly distributed on 
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Pig. A6.6 Selection Routine for General Distribution 
in Upper Half Directional Space DL( 3 ) 


3 
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the range -1 $ DC 3 ^ 1 ; but more important are the 
directions corresponding to the range 

$ PC 3 ^ DC3P <. 0 ( 16 ) 

Here it is possible to give an equal likelihood of the ray 
direction on this prescribed range of Eq* 16, or its 
complement by assigning the respective weights (DC3P + 1 ), 
and (l - PC3P); the total weight processed for the totality 
of NR ray tubes being given by 

h m (DC 3 P + 1 ) - h NR (PC 3 P - l) = NR ( 17 ) 

The routine for the selection with these weight factors is 
shown in Pig. A 6 . 7 * 

RAY TUBE PROCESSING- ROUTINE 

The assignment of these direction coordinr; 
ates, as explained in the last section, completes the initial 
specification of all the parameters for the processing of the 
ray^-tube. Now the machine is led from the position B to the 
position C of the flow diagram (Pig. A6.l). The position C 
forms the main core of the Monte Carlo procedure; this is a 
position at which the lifetime of the ray tube is processed. 
The technique for the processing is similar to that given 
in Chapter 8. 
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ANALYSIS ROUTINE 

The data accumulated while the ray tubes 
were followed are now analyzed and the results are printed. 
The magnitude of the statistical variability is determined 
by evaluating the variance and the standard deviation, as 
shown earlier in Chapter 8. 



Appendix 7. 

CURVED BOUNDARY PROBLEM MONTE 
CARLO PROGRAMME 

This appendix gives in full details the 
results of the application of the proposed Monte Carlo 
technique (Chapter 8 ) to a curved boundary problem that 
is under investigation (ChapterlO ) . Included herein is a 
complete listing of the programme that was used in these 
calculations on the CDC 6I4.OO of the Computing Center of 
the University of Virginia. The printout results 
accompanying this listing correspond to the pressure 
values shown in Fig. 6£. 
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♦♦+♦♦4 44 4*4 *4 444444444*444444*4444444444444*1 


i: 


000033 

000003 

000003 


000003 

000065 

_JIQ097jr_. 

C 

000116 

000125 

O30D.5. 

B0025«* 


000260 

19 

0D0265 

20 


C 

O0.0ZZ5. 




c 

000306 


300313 

23 

080323 


000340 


000376 



C 

000405 


900411 


000416 


00 042 3, 


000461 

c 

900V45 _ ~ 

1# 

26 

003512 


. 000517 

29 

000522 

30 


C 

000526 

31 

000546 


000560 .. 


000603 

32 


— .P5 0? R AM . _ TH«JK Q_J lK?y T4,J?MI PU1^_MPE5^IHPUT. TAPE 6 »OUTPUT> 

COMMON/ CDRNLM / IRAN,RANNO, DC (6) ,NRA,NRC 

DIMENSION NDXOL<10),XSI3),XR<3) ,XRT<9) , AJ(9> ,ARI9),XIt9),XCI9>, 

1 XR A I 9 1 ,XRQI9),P<250) 

EXTERNAL 0 I SR AY 

MONTE CARLO CALCULATIONS FOR TRANSIENT ACOUSTIC FIELD INSIDE A 

— CTL INDRICAL- OU.C.T DU E TO A SINGLE CTCLE SINUSOIDAL SHAPE Pin tF 

INPUT QUANTITIES ^ 

PE80<5,6C2>QO,TP,PI,A,C, ( XR< I ) , 1*1 , 3) ,TPLS» (KS<X> ,I»i, 3) , AMN,OCTl , 

inpHI,rPSLOU,ONST « REAO(5 f l.01JNS,NR,NRa,IR«N 
variaolES in mono i mens Iona l form 

RSTR*SQRT(XRm*»2+XRt2l»«»2)/A $ 2STR-XRC31/A * TPSTR*C*TP/A 

— 21? S T_R= l S IK+IPSla_t_Ifk5.I R-_gUPLS /A t J STRT-SORTU5I5fJ , Et 

1RSTR*»2> /TPLSTR S AGSTR*AKN/A i X3HX5TR=DCTL/A i OPSI»OPHI 
A2STR=(l.-8QSTR)/x3MXSTR 8 RA* A 0 SIR S R8=A2STR % RAQS2*RSTR**2 
fNORM=(-Q0*TPSTR» A**2l/t I0NST*C**2) • It* NR) • (TPLSTRI * H6./3.)* 

1PI " E p SL ON* * 3) ) 

WRITE (6 ,5C0 > 03, TP,PI , A,C ,TPLS,DNST , (XS< I) , I«t ,3) , CSRCI) ,1-1,3) , 

_. l.flMN,QCTi,QP.i_RS.IR,JgSTfi< ZSTRtZ.TPSJ^, TPLSJRtJSTRT. AQSTR.X3MXS TR. 
2fl2STR,OPHI , EPSLON, FN0RM 8 WRITE {b, SOD NS, NR, NR8, IRAN 
JM=i) t OO 19 J*l,250 t P l J) = . 0 
CONTINUE £ OO 20 1=1,3 S X S (I I «XS ( I ) / A 
XR(I)=XRm/A S RAOS2*RSTR**2 S NSA»1 | NRA = NRC = 0 
RANDOM SELECTION or T HF RAT DIRECTION COSINES 

— C ft LL . OCINTL A Worn, 1 NS AJJ* U= .5/SQRT ( 1 , - OC(3)«*2) 1 DO 23 I«1.3 

Ot TERMINATION OF VORTICES OF THE RAY TUBE TRIANCLE AT REFERENCE PT 
Aim=ocm i xim=xsm*u»ocii) 

CONTINUE t XmMXICl) i XI <5 > =XI <8>*XI (2) S XI C6) = XIU)40PHI 
XI (7>=XH1) *OPSI $ XI(9>=XI(3) ? YO*OISKAY(XI (6) ,XII5) ,XI(6) ,KS(1) 
l,XSt?> ,XSC3) ) * AI(6)*(XI(6>-X3(l))/Y0 J A! C5)»tXII5)-XS(2))/Y0 

— RAriDOM PULS.E_seLECTION_F_ROM_ S0U«CE_STRENGTH TIME HISTORY 

AH6) = (XK&»-XSI3> )/Y0 t YO=OISRAYIxiin ,xr«8> ,XI (9) , XS 1 1 1 , X S { 2 ) , 

ixs<m i ai (?) = uiui-KSdi »/ro s Ai<8>*cxi(e>-xst2>>/ro t ah 9 >m 

2X1 ( 9) -XS (3) > /YO * RREF = RAYOIS*DI5RAY (XI ID ,XI<2),XI (3) ,XS<1) ,XS(2) 
3,XS(3)> B CALL CRAN S TI*RANNQ*TPSTR/6. J PREF=C0StPI*RANN0/2 ») 
TPO*-. 5*TPST R t TI2nTP0-T I l TI3 = TP0*TI ? TI6*TPSTR-TI 
DETERMINATION OF REFERENCE RAY TUBE AREA ARTO FOR NORMALIZATION 

80 = OISRAY|XI II ) , XI 12), XI (3),Xl (6), XI I 5 > » X I (6)) 

ei = DISRAT(XI 17), XI 18), XI 19), XI (6), XI 15), XI <&)> 

B? = OX SRA Y I X I 17), XI (8), XI 19), XI 111, XI <2>,XI T3)» 

B33.5MBQ4914B2) J Yl-SORT (93 * ( 93-BQ > • » 03- B1 ) * ( 83 -B2) ) * ART0*Yi 
NCOLSH=C I IFINR.LT.NRA) GO TO 110 

— DETERMINATION OF^POINTJJF RAY C0LLI.SI0N_NITH THE_DUCT SURFACE 

OO 32 J- 1 » 7 , J * Al 2 = A 1 ( J ) / A I { J* l J J A 32* AI I J* 2) /A I ( J41 I S A*14 

IA12*«2* (R8* 8321 **2 I 0=A12*IXI IJ)-Al2*XIU4l) ) -RB*A32* IRA+R0* (XI 


2(J*2) -A32*XICJ*1) ) ) J C= IR8+RB* (XI ( J*2 ) -A32*XI ( J*1 ) ) ) **2- IXI IJ>- 
3612*XIIJ*1) )**2 * CALL ROOT ( A , 0 , C , UMX , UHN) 

IF I AI (J*l) .GT.C.O) 29,30 

_ XC I J* 1 ) *UHX i_GO_TO 31 

XC(J*1)=UM9 * 

DETERMINATION OF THE DIRECTION VECTOR OF THE REFLECTED RAY 
A22>XC(J«1) -XI (J*i ) J XC (J)*XI (J)*Ai2*A22 t XC< J* 2) *XI ( J*2) ♦ A32*A2 
12 I 31=-2*XCCJ» S B2a-2*XCIJ*1) S B3=2*RB* (RA*R8*XC (J*2J) 

AS0=SQRT (B1 “ *2* B2 • *2* B3* *2 ) t El=91/ASa S 92»B2/ASQ t 93=B3/ASQ 
ALFACOSa- (AI(J)*3l4AI (J*l) *82* A I (J+2) *B3) J ARCJ) »AII J) ♦2-ALFACOS* 
1P1 i AR < j*i ) a AI ( J* 1 ) ♦ 2* ALF ACOS* 92 t AR( J*2> »AI ( J* 2) ♦2*ALFACOS*B3 
CONTINUE tIFtxC(3>.LT..O.OR.XC(3J .GT.X3MKSTR) GO TO 22 


toe 



000619 



...c.. .. 

_ 0QC623 ' 



c 


c 

030626 



c 

-00C633 


000660 

%2~ 

0056%% 


00065% 


00066? 


000667 

%3 

- 0J5672 

_ .. %% : 

00067% 

%5 

00070% 

%6 

000706 


000712 


__0OO?iF_ 


00072% 


0007%3 



C 

000751 

52 

030755 


030765 . 


0007X3 


001300 

53 

oouai 

5% 

001005 

55 

. 00i0l5_. 

.56 

001017 


001023 


001033 


001035 


00105% 


_90lC52._ 

62_. 

001067 

63 


C 

001071 

100 

001076 

105 

- 001123 _r 


031131 


00 11%3 


001152 


001151 


001173 

106 

00120 0 

.... Ill 

00123% 

115 

001220 



C 

00123% 

212 

00123% 

%01 

_ 00123% _ 

_ %C?._ 

03123% 

500 


RAYDIS*PAYDIS *D:$RAY(XC<1>,XC(2),XC'3>,XI<1I,XI<2),XX(3J> 

THIS COUPLE T£S OETE^lMATIOM_.0£_CgLLISXflM_P PlMTS. AMD REFLECTED DC3 
NCOLSN»NCOLSH*l 

DETERMINATION OF THE HON ZERO COMPONENT OF THE POINT COMMON TO 
PAT A HO THE DUCT AXIS 

XRFJ»XCr3)-XC<2>*A«{3J/A8C2> t IF IZSTR. LT. XC f 3) J CO TO %? 
DETERMINATION of point oh reflected rat beyond the duct axis 

-_IF(ZSTR.LT.XRF3>S2.62 

DO %6 J«l t 7 f 3 « A12»AR(J»/AR<J*11 

A32*AR{J*Z) /A«<J+1> $ A*1.0*A12*»2 { B« (XC f J) -Ai2*XC (J+l) ) *A 12 
C*PaaS2MB/Ai2>**2 t CALL ROOT < A ,3,C,UHX,UNN) 
IF<XCU*1>.GT.0.0>%3,%% 

XR3IJM)*UMN i GO TO 1)5 

XRStJtl) »UMX _ 

A22 = XR3(J*n-xC<J*l» t XRB(JI«XC<J)+A12*AZ2 S XRB (3*2 } *XC { J+ Z l ♦ 
1AJ2*A2 2 
CONTINUE 

eO = OISRAY{XR9U»,XR0<2) ,XftB(3>,XRa(%) ,XRB (5) , XRBf 6) J 
61*01 SR At (XRB(7), XRB 18) , XRB ( 9) , XP9 ( % ) ,XR9<5) , XRB(6I > 
__BZ*0ISRSYTXR9(r>.,XRB(B) f XR&<9> , XR9U) ,XR9(3)J __ _____ 

B3“.5*(bO*Hl*B2> S Yl=SORT<AnS!83*TB3-90)*l83-Bll*(O3-B2~j)|/ART0 
V2=0ISRATIXR(t» ,XR(2l,XRI3>,XR0tl) f XRB(2» ,XR6«3I» % CO TO 150 
DETERMINATION OF PDINT OH REFLECTED RAY PRIOR TO DUCT AXIS 
00 56 J=1,7,J S ftl2=ARIJ»/ARIJ+ll 

A32*AR(J*Z) /AR( J*1J g A=1.0+A1Z**2 $ B* IXC (J) -At2*XCIJ*i )» *A12 
- C*RADS2-(B/A12)V2 S_CAL1 ROOT <A«3.C*UMX.UrtN ) 

IF ( xCf J*l) .GT. 0.0)53,5% 

XRMJ*1)=UMX l CO TO 55 
XRA (3*1 1 =UHN 

A22=XRA(J*1)-XC<J*1> S XRA(J>=XC(J)*A1?*A2Z | XRA < J*Z) «XC t J*2) ♦ 
1A32*A22 

. CONTINUE . • 

BO*OISRAY(XRA(1),XRM2I , XRA <3 > , XRA (% I , XRA < 5) , XRA<6> ) 
P1*QISRAY(XRA(7) , XRA ( 0 ) , XRA (91 , XRA t 4 I , XRA( 5) , XRA(6>> 
B2=OISRAr(XRA(7J,xRB{a) ,XRA(9),XRA(1) ,XR8I2) ,XRA(3>) 

C3=. 5 * (B0*m*B2 > % Y1*SQRT(A35 (B3* (B3-BQ)* (83-B11* (03-82 >»)/A«T0 
Y2=0ISRAT CXR(l) ,XR(Z> ,XR(3> ,XRM1> ,XRA(2) ,*RM3)) t CO TO 10 0 

-DO 63 3=1.9 _ I XI(JJ=XCJJI t A I < j ) a AR I J1 

CONTINUE $ GO TO 2% " 

PENETRATION IN TEST SPHERE, PRESSURE CONTRIBUTION 
IF I V2.LT >EP SLON) 10 5. 106 

DLRaSQR! 1 2 . • A8S ( < AR ( 3 » * XRF3- ( AR 1 1 ) • XR ( 1 i *AR(2 1 * XRI2 1 *AR(3» «ZSTRn 
1** Z*£PSLOH* *2-RAQS2-( XRF3-ZSTR) **2) ) t Y3=5QRTIY11 S Y5=RREF* Y3 

PRl = PRE.F*(r5*0LR/Z.>*0LR_ S Y6*RRf£*Y5 

J*IFIX( (TI*Y6>/TPLSTR)*l-JSTRr J IF ( J.GT. JM) P UJ »Pt Jl *PR1 

J=IFIXC tTl2*Y6)/TPLSTR)Yt-JSTRT J P (J)*p( J1-PR1 

J*EFIX( (TI3*Y6»/TPLSTRi*l-JSTRT * P ( J) *P i-J> -PR1 

U°IFIX{ ITI%*T6)/TPLSTR)+1-JSTRT t IFCJ.LT. 100 ) PI J> «PI Jl *PRl 

IFCNRA.LT. NR>22,HQ 

00 115 J*l,100 J P(j|aFNORM*P(J> 

CONTINUE S HR I TEC 6, 506) ( J» P( j) ,3*1,100) " 

MRITE (6,21?) IRAN S WRITE (6,510) ART 0 
FORMATS 

formatcsx*iran **mn 
format c a iic ) 

FQPHAr<5E1 6.a > 

FORMAT ( INI, 30x*TRANSIENT ACOUSTIC FIELD IN CYLINDRICAL DUCT*3(/| 
137X*N0NTE CARLO N£THOO*3 1/ ) 10 X* PRE ASSICMEO CONSTANTS IN OlMENSION* 




1 


. l_> U FORNCFPS SYSTEM *//5X*S0USCE STRENGTH factor QO • *€10.4»JX*S0UR 

_ 2CE PERIOD TP_« _*E10.4,3X*PI ■ _*E10»_4/5X*QUCT RADIUS » * •£10,4, Jx_ 

3**AVE SPEEO C ■ *E10.4,3X*ELtHLNrAL TINE INTERVAL fPlS « *El3.4/ 
35X-CHARACTERISTIC NASS DENSITY OF THE NEOIUH QNST a *E1B.L/ 
LSX'SOURCE CARTESIAN COORDINATES XS(1«2»3> a *3 I £10. 4 ,2X1/ 
55X*RECEIVER CARTESIAN COORDINATES XR(1,2,3> ■ •3IE1D .4, 2X1 /5X*0UCT 
6 HI Nt NUN RADIUS AMIN » *ElO. 4, 3X*DUCT LENGTH OCTL ■ •E1Q.4/// 

1 1 3 X ' V A R I A 3L E S _IN NONO IME KS lOML-BMlf! HAS X *Ofl_ »..*£ lb A *2X±fiS TE « » 

ftEl6.A,2x*TP3TR * -£16.8/5X*ZSTR **E16.8 ,2X*ZTPSTR **E16.8,2X*TPLST 
9P « *E16.0,2X»JSTRT « *14 /5X-A0STR » •E16.0,2X*X3NXS 

1TR « *E16„3,2X*A25TR <* *E16. « , 2X *OPHI*OPSI» *El6. 8/5X*RADIUS OF TH 
2E TEST SPHERE EPSLON * "Elb.S/SX'PRESSURE NORMALIZATION FACTOR 
JFNORN a «EI6.aT 

901234 501 FORMAT I5X*N 5 “ *I2»2X*NR. ■ .*15, 2X*NRD..». !ISj2X*JRAN. « +I 9///T 

301254 506 FORMAT ( 2 OX* PRESSURE VALUES IN THE NONOI NENSIOMAL FORM*/ 

12SXMH0TE TINE lNOEX=INDEX*JSTRT»*/{5t5X,I J,lX f El6.8m 
001234 510 F0PN4T{5X*RAY TU8E AREA FOR NORMALIZATION AT REFERENCE RADIUS 

1 AREF*,5 AR 70 » *£27*201 
001234 STOP £ END 

■ . . c ARITHMETIC. SIM.6NEMI _FUM£lIIOM5 


303 



THatito' 

program l ength including i/o duffers 

056666 

FUNCTION ASSIGNMENTS 


statement assignments 


22 

- 

000226 

26 

• 

000665 

29 

• 

000917 

30 

• 

31 

- 

005526 

62 

- 

000660 

63 

» 

000667 

66 

. 

65 

- 

C C 9 676 

52 

• 

000751 

53 

- 

00 1000 

56 

. 

. 55 

- 

0G1005 . 

62 

- 

001062 

100 

- 

001071 

105. 

- 

106 

- 

001173 

110 

• 

001200 

212 

- 

001260 

601 

- 

602 

*» 

001265 

500 

• 

001267 

501 

. 

001626 

506 

• 

510 

” 

001652 









StOCK 1 

NAMES AND LENGTHS 








corns, a 

- 

00001C . 









variable 

ASSIGNMENTS 








A 

- 

0023C3 

AI 

• 

001620 

ALFACOS- 

002370 

AMN 


AR 

- 

001631 

ART0 

- 

002357 

ASQ 

- 

002367 

AOSTR 


*12 

- 

0C2361 

AZSTR 

- 

002 33 D 

A22 


002366 

A32 

. 

- B 


002362 .... 

. 90 

- 

. 0 0 2 352 

... B 1 

• 

..00 2353 82 

- 

B3 

- 

Q 0 2 355 

C 

- 

002306 

DC 

- 

GOOD 02C01 

DCTL 

_ 

DLR 

- 

DC 2 373 

OHST 

- 

002313 

DPMI 

- 

002311 

DPSI 

- 

EPSLON 

- 

0C2J12 

FNORM 

- 

002336 

I 

• 

002305 

IRAN 


J 

• 

002336 

JM 

• 

002335 

JSTRT 

• 

002326 

NCOLSN 

. 

NOXDL 

• 

001567 

NR 

• 

002315 

NRA 

. 

303006C01 

NRB 

_ 

. NRC .... 

- 

000007C01 

NS 

• 

.002316 

NS A 

• 

0P2337 

P 


PI 

- 

002302 

PREF 

- 

002365 

PR1 


002376 

QC 

. 

RA 

• 

002331 

RADS2 

- 

002333 

ranno 

- 

QOOQQICOI 

RATOIS 

* 

R3 

- 

002332 

RREF 

- 

002362 

RSTR 

- 

002317 

TI 

- 

TI2 

• 

002367 

TI3 

- 

032350 

T 16 

• 

002351 

TP 

- 

TPLS 

- 

002306 

TPLSTR 

- 

002323 

TPSTR 

- 

002321 

TPO 

_ 

U __ , 

• 

. 00236C UKN 

* 

_J}9 2365 

UHX 


00236**_ 


m 

*1 

• 

001662 

BR 

• 

001606 

BRA 

- 

001666 

XR 0 

T 

KRF3 

- 

032371 

XP.T 

• 

001607 

xs 

' • 

001601 

X3MXSTR- 

TO 

• 

002361 

Y1 

- 

032356 

T2 

- 

002372 

T3 

. 

T5 

• 

002375 

T6 

- 

002377 

ZSTR 

- 

002320 

ZTPSTR 

- 


START OF CONSTANTS 
00 1260 


ST ART OF TEMPORARIES 
oui665 

. START OF .INDIRECT* 

031531 

UNUSED COMPILER SPACE 
020000 



090522 

000622 

001003 

001026 

001263 

001635 





oisrat 

SUBPROGRAM LENGTH 

000650 

. FUNCTION ASSIGNMENTS 

STATEMENT ASSIGNMENTS 

BLOCK NAMES AND LENGTHS 

. VARIABLE assignments 

OISRAT - 003D«i7 

START OF CONSTANTS 
000030 

START OF .TEMPORARIES. 
006031 

START OF INOIRECTS 
0000 ** 7 


— UNUSED. .G9*ftZL£!LjfiA£E. 

BZN400 





...SUBROUTINE GRAN 

COr!MON>CORNLN / IRAN,RANNO, E 16) 

iha’i»m?5«iran s li-iRAN/bj-ioaee*. % z*AN«i*AN-ii«6riam<i 

RAMNO»FCOAf (IRAN) /G/10886% t RETURN 1 END 











WAN ' - ' 

Subprogram length 

000025 

riINCT XO*A ASSIGNMENTS _ _ 

statement assignments 

BLOCK NAMES AND LENGTHS 

CORNLN - 000010 - 

VARIABLE" ASSIGNMENTS " ~ 

e - 06000?cai IRAN - OOOOOOCOi II - DC 00 rahno 

START 0 F CONSTANTS 
000016 

STA»r OF~ TEMPORARIES ’ 

030020 

START OF INOZRECTS 
30002* 


UNUSED COMPILER SPACE 

02*500 




SUBROUTINE DCl*TlfN DX> 

000003 COMMON/CORNLM / lRAM,RAN*0, DC 14) ,N«A,HRC 

000903 CALL GRAN 

00G306 OCt3l*SQRT<RANNO> 

00000 6 PAO*SQRT(l-OGf3> **2) 

000016 CALL GRAN 

. . 0 Q 0 C 1 5_ PH Ir I2*R»MH0-1» *22/7 

000023 DCtl>«RAD' , COSiPHJ» 

00 0026 DC I 2 > *R AO*S IN(PHI ) 

000031 N«A=nRA*1 

000033 NRC=HRC*1 

00 00 35 P.ETURN 

_ 000035. |H5J_ • 





OCIMTL 

SUBPROGRAM LENGTH 
900052 

_ FUNCTION ASSIGNMENTS 

STATEMENT ASSIGNMENTS 

BLOCK NAMES ANO LENGTHS 
CDRNLH - 00001C 

VARIABLE ASSIGNMENTS * 

OC - 0<n00?CQl NRA - 00 0 006C01 NRC - 0C0007C91 PHI 

RAO * 000050 RANNO - GOOOQICOI 

START OF CONSTANTS 

00 0DJ7 ... ___ 

START OF TEMPORARIES 
009050 

START OF JNDmCTS 

_030j59 ____________ 

UN USE 0 COMPILER SPACE 
925509 





SUBROUTINE ROOTL*i8|C*yNH,VfHNI 

890910 D* jQRT< B**Z + A*C) S UA»<-0*O)/A $ U8»l-0-oj7* t UNXaANAXl CUA t U8) 

Booozr uHN»«MtNiiua,u9) 

OSBOJl RETURN % END 




ROOT 


SUBPROGRAM LENGTH 
00005 $ 

FUNCTION ASSIGNMENTS 
STATEMENT ASSIGNMENTS 
BLOCK NAMES AND LENGTHS 
_ yA?IA9lE_.ASSIGNMCNTS 

0 - 000052 UA 

START OF CONSTANTS 
000035 

START OF TEMPORARIES 

00 00 3** 

START OF INDIRECTS 
000052 

_ UNUSED CQMPU.ER._SP ACS 

02*. *.05 



CORE MAP 16.59.??. NORMAL 

T I hT tout) HO or — L 1 --L? 

f»t> tniocR tb».7Uk fv& raw.cs 

-PROGRAM---- ADORE SS- 
THflNCO 0&011C 

DISRAY 306554 

&RAN 006624 

OCINTL_ 0C&651 

ROOT 0 C67? 3 

sihcos scran o 

SQRI 307077 

SYSTEM 30714? 

GET BA 010254 

INPUTS 010273 

koucr 010410 

MAXER 01166? 

OUTPTC 012733 

SIOl 013025 

UNSATISFIED EXTERNALS 


CONTROL 

-»rPE-ss=s5-----r--r.VSe4r=i' i*— fi«LL 

05277C 

— LABELED-— COMMON— 

CORNLM 000100 


CORNLM 300100 

JefiMklL : 000100 


SCOPE2 00714? 


REFERENCES 


FMA°LP°Q 01M * 33 0*1-:-^ 




TRANSIENT ACOUSTIC FI6L0 IN CTLJMORICAL DUCT 


HONTE CARLO H 6 THOO 


P«?E«SSIS'<EO CONSTANTS IN OINEHSIONAL FORMtFPS STSTEMJ 

source strength factor bo » t.oooc£*do souse E _ p£ftiob~fr » 2. oodbe-d'S pi • 3.i4i6E*oo 

VJItfE SPEE0 c * 1.10006+03 ELEMENTAL TlHE INTERVAL TPLS » 5.Q30CE-05 
CHA 3 ACTt°ISTIC HASS OENSITT OF THE MEDIUM ONST * 2.3780E-C3 % 

SOURCE CAPTCSIAN COORDINATES XStI,2,J> * 0. 0. B. 

RECEIVER CARTESIAN COORDINATES XRI1,2,3> - 1.00006+00 3.00036+00 l.OOOOE+Dl 

OU.S L I « I MU H. R A 0 J U.S A H I N . *_ 7 , 5JJ Q (LE_*_5L0 DUCT L£NGTH _p CTL « 1.2 3J Jl£ + Dg 


VARIABLES IN NONOIMENSIONAL FORM 


Q0 * 1 ■ 00O0G 0 0 Q£ + GO RSIR « A. 216370 216-Oi TPSTr s 2,933333336-01 

* --Ai.3333 3333E+C1 ? — ZT_P5TR _= I . 6266&6676+00 TPLSTR * 7 .333333 33E-03 

AOSTR » 1.DCOOOODOE+ 00 X3HKSTR *_ 1.600000006+01 A25TR » B. 

PAOIUS DF T h£ TEST SPHERE EPSLOH » 1. 50 C 0 OQO OE -0 1 

PRESSURE HOPMALI2ATIOM FACTOR FNORH = -9. 33397524E-0 3 

NS » 1 NR a 5000 NR9 = 1 IRAN * 2275881*5 


-JST.RT, 


-131. 


DPHI«OPSI. 


l.OOOOOOJOfc -12 


1 

6 

15 
21 
28 
31 
TS 
_ *»i . 
58 
51 
56 
61 
66 
71 
76 
81 
86 
91 
98 


0. 
0. 
0, 
0. 
0 . 
0. 
0* 
0. 
.**7 • 
- 1 . 
3. 
0 . 
3. 
1* 
. 6. 
0. 
3. 
0. 
-9. 
0. 


PRESSURE VALUES 
•NOTE TINE 
2 
7 

1? 

17 
22 
27 
32 
37 

J?2 


192&4596E-04 

28178749E-03 

06394C94E-04 

597768666-04 
3 61 767 49E- 0 3 
358218376-04 


594872296-04 

422t5b4l6-C4 


IN THE NO NO I H£N SI OH AL FORM 
INDEX 3 INDEX +JSTRT) 

0. 

0. 

■ft.« 

0. 


IRAN.* 
RAT TUBE 


47 

52 

57 

62 

67 

_7Z 

77 

62 

67 

92 

97 


0. 

0. 

&. 

a. 

7? , 2668536 ?E -G 3 
•5 • 9 C 4 6 8 3 3 IE - 0 4 
1.719174196-03 
-9.469307886-04 
3.225552966-03 
5.9C468331E-04 
'.3*64 7 0 6558 Er C 4.. 
9.469307886-04 
-9.58699342E-04 
'1. 1554091 6E-0 3 
'1.35446763E-03 
D. 


3526230 1 

AREA FOR NORMALIZATION AT REFERENCE RADIUS 


3 

0. 

4 

0. 

6 

0. 

9 

0. 

13 

0, 

14 

0. 

18 

0. 

19 

0. 

23 

0. 

24 

0. 

28 

0. 

29 

0. 

33 

0. 

34 

0. 

38 

c. 

39 

-1. 

43 

T1.25847S94E-Q3 

44 


48 

-1.1627161LE-03 

49 

-3. 

53 

7.614049076-04 

54 

1. 

58 

2. 767423776-03 

59 

2. 

63 

2.163748296-03 

64 

6. 

68 

1.162716116-03 

69 

3. 

.73 -7 .614049076-04 

74 


78 

-2.767423776-03 

79 

-1. 

83 

-9-052693516-04 

64 

9. 

88 

0. 

89 

0. 

93 

G. 

94 

-1. 

98 

0. 

99 

0. 


5 J. 
10 j. 

-15 i*_ 


20 

25 

30 

35 

40 

45 


50 

55 

60 

65 

70 

-Z&_ 


3. 

0. 

3. 

0. 
j . 

-Tl_'2mR?§.2£-bJ_ 


-1. iA7«985E-t.4 
J. 

3 . 

1.2 7 5562 626* C 3 

1. J8/>6989t-l4 
—la 


60 
85 
90 
95 
10 D 


0. 

3. 

3. 

0. 

0. 


AREF*. 5 ARID • 4 . 99200 647154 7 10 10 6399E-25 



rj 05/14/72 UMlV. Of VI4GIMU SCOPE 3.3 AP* 01,22 SU« 2% 

16.59.15. TM*nE95 „ 

16.51. IS. THAnr 3 ,i2C25W,T2O0iC161OOO. 8ALAKRISHWA 
18.59.15.0 TMANE049 AEROSPACE 9 

18.51 .15. RUN 13, , , , , THAtJCO) 

18.59. 11. C0«HOrKTMArJE0> 

15.59. 19. THANEO. 

18.59.23. (PEL - C145001 .CP 002.747 SEC, 

18.59.2J. PP 004.080 SEC. 

16.59.23. 10 000.403 SEC. 

12. 00. 33. 5TOP 

17. 30. 01. CP 039.2*3 SEC. 

17. 00. 01. PP 004.440 SEC. 

17.00. 01.10, 00 0,412. SE£L. 


TMANE96 //// ENO OF LIST //// 0000506 LIMES 



{ 




******* 

******* 


000*303 

030003 

000015 

000103 

000115 

000135 

000142 

0 GO 1 S 1 


00Q22B 

000305 
00 032 '. 
000344 
000351 * 
OOOI 6 S 
000 '*') 3 
000405 

000431 


000431 

000431 


000431 

000431 

000431 


000431 

000431 

000433 




PRCO 3 *** VRNSTO (INPUT, OUTPUT, T APES -INPUT, TAPE6 -OUTPUT) 

01 RE H>I C'l XR (31 ,XS(3)»PRES(5,60»*IRN(5) 

PELD<S,401I (174(H) ,N«i» 5) 

P£AD( 5,402) Q0» TP,PI , A ,C* ( XRf I) , 1-1 , 3) ,TPLS,CXSIII ,1-1,3) , ANN, DCTL, 
inPHI,£P£LON,OHST t READ(5,4Q1} NS, NR, NR 9 »IRAN,NRPf , JHA# 

P5TP = V)»T (XR(l)**2*xR(2>**2>/A l ZSlR«XR(3)/A l TPSTR=C*TP/A 
Z TPS TR* Z SIR* TPSTR .8 TPLSTfi*C*TPLS/A 3 JSTRT-SQR? IZSTR**2«- _ 

1RSTR*»2)/TPLSTR S ACSTR-AHN/A l X3MXSTR-OCTL/A S DPSI-DPHI 
f2STRa( l.-60STR)/X3HXSTR * RA- AO ST R $ RB-A2STR 
FNOR •): (-00* !PSTR*A**2)/ ( (QMST*C**2)*(4»NR) * CTPLSTRI •( (4 ,/3.l • 
1PI“EPSL0N**3)) 

WRITE (5, 500) 00, TP,Pr,A,C,TRLS,BNST, l*SII),M,3), IXR(I) ,1-1,3) , 
it*<:i,OC;TL,QO,RSTR*TPSTR,ZSTR,ZTP3TR,TPLSTR,JSTRT,A05TR,X3MXS(R, 
2A2GlM,OHHI,fcPSLON,FNORP t NRl Tt (6,5 01 ) NS »NR, NR6 ,NRPT 
m 33 M=l,.(flPT t REA'3(5,402) (PRES(M.J) , J=1,JHAX) 

39 CONTINUE T. WRITE (6,209) (IRMN) ,N=1,NRPT) | 00 40 J*=l,JHAX 
4C kVIT.El5,2C3) J, (PRES(N,J) ,N=1,NRPT> 

WRITE(6 ,20Z) $ 00 43 J=i,JNAX S X1-X2-0.0 $ OO 41 I-1,N«PT 

41 Xl-*l*P«-f3U,J> 1 Xt=Xl/NRPT $ 00 42 J-i, NRPT 

42 X25X?*(PPR5 (I.Jt-Kl) •»? t VRNS-X2/NRPT % STON-SQRT ( VRNS) 
XlP-Xl.-STOM % *1M=X1-ST0N 

43 W’lTEtS ,208) J,X1,VRHS,STDN,X1P,X14 

C F 9RMS TS 

20Z fO>44T(30K*VA(IAHCE AND DEVIATION ANALYSIS*//IDX*TIN£ IN0EX*5X*MEA 
1N*14/*VARIA NCE 9 1 1 X *0£ VI A T I ON* ZX * (M£ AN) * (DEVIATION) *2X*l H£AN| - IQEVI 
ZATION) •//> 

205 FOPUT(12X f 1 3 1 5 ( 4 X ,E 16. 8 ) ) 

209 FORMAT <10X*P7ESSURE VALUES IN THE NONDI MENSION AL FORM SUHHART OF 
IT HE MONTE CAPLO C ALCULAT I ONS ( 5 RUNS) *//24X*RUN 1*,15X*RUN 2*,15X* 
2RUH 3 * » 15X* RUN 4* , 15X -RUN 5*//10X*IRAN VALUE*, 4X, 18,4 (12X ,18) tt\ 

401 FOR-ATMIIO) 

402 FOPMAT (6E15 ,8) . 

500 FOR-Af (1H1, 30K*TRANSrENT ACOUSTIC FIELD IN CYLINDRICAL 0UCf*3</) 

i2zx« mtit E carlo method*3(/) iox-preassigned constants In dihensiona 
11 :FCRN(FPS SYSTEM) *//5X 'SOURCE STRENGTH FACTOR QC = *€10.4,3X*$OUR 
2CE PEPIOO TP = •cl0.4,3X*PI s * E 13 . 4/S K *UUC T RAOIOS A * *Eii).4,3X 
3* R3 vt SPFED C => •E10.4,3X*ELEMCNTAc TIME INTERVAL TPLS ■ *Ei0.4/ 
35<*CNAR«CfERISTIC MASS density OF The MEDIUM DHST = *E10.4/ 

45* •SOURCE CARTESIAN COORDINATES XSll,2,3) * *3 (EiO. 4,2X)/ 
55X*RFCCIVER CARTESIAN COORDINATES KR(l,2,3> * • J (£1 0 . 4 , 2X ) /5 X*OUCT 
6 MINIMU« RADIUS AM in s * E 1 0. 4 , 3 X'OUC T LENGTH OCTL - *E13.4/// 
713X*VARIA3 lES IN N0NDIMEN5 IONAL FORM*//5X*QO = *£ 16. 6,2X*RSTR * • 
5F16.8,?X*TPSTR - • El6 . 8/SX*ZSTR =*E16 .8 , 2X*ZTPSTR =«E16.8,2X*TPLST 
9P - •C16.8,2X*JSTPT = • 1 4 /5 X'AOST R - *E16. 8 , 2X *X3MXS 

1TR = *£ J 6,3 ,2X*A2STR » *E 16. 8 , 2 X*DPMr« DPSI - *El6. 8/5X*RAOIUS OF TH 
2f TEST SPHERE SPSLOW • *E16. 8/5X*PRESSURE NORMAL I ZA TION FACTOR 
3FNOPM e *E1 6 ,81 

501 FORMAT (5X*NS • *I2,2X*NR ■ *I5,2X*NR0 = *15 , 2 X* TOTAL NUMBER OF RUN 
IS NR ° T 9 •IZ/tft 

STOP •' 

Cif) 


VRNSTO 


PROG 1 ? 41 LENGTH INCLUDING I/O BUFFERS 
0955** 


FUNCTION 

ASSIGNMENTS 

«- 


- . 


. . ... 



STATEMENT 

ASSIGN1F HTS 








*1 

0 0 G 35* 

*2 

- 

000365 

207 

- 

000*52 

208 

• 

20 9 

009*75 

*01 

- 

000522 

*02 

• 

00052* 

500 

_ 

501 

001665 









BLOCK MANES A*0 LENGTHS 






— 


VARIABLE 

ASSIGNMENT 

*> 








A 

0C 1*35 

ANN 

- 

001**1 

A0STR 

- 

001*62 

A2STR 

- 

c 

051*36 

OCTL 

- 

001**2 

ONST 

- 

001**5 

OPHI 


0P$I . T 

0 C 1*6* . 

EPSLO-L • 

001*** ... 

. FNORN 

- 

001*70 

I 


IRAN 

o:i*5i 

MM 


001*2* 

J 

- 

0C 1* 71 

JM AX 


JST°T - 

001*61 

N 


031*31 

NR 

- 

001**7 

NRB 


NRPT 

001*52 

NS 


031**6 

PI 

- 

001*3* • 

PRES 


00 

001*32 

R4 


001*66 

RB 

« 

001*67 

RSTR 


ST DU 

001*75 

TP 

•* 

001*33 

TPLS 

• 

001**0 

TPLSTft 


TPSTR - 

001*56 

VRNS 

• 

.001*7* _ 

XR 

- 

0007*2. 

X$ ... 


*1 

DC 1*72 

X1H 

• ( 

001*77 

X1P 

- 

001*76 

X2 


XJNXSTR- 

061*63 

ZSTP. 

• 

001*55 

ZTPSTR 

• 

001*57 




START OF CONSTANTS 
000*35 


ST4°T 0 f TEMPORARIES 
000677 . , 

START OF INOIRECTS 
0007*1 

UNUSED COMPILER SPACF 
00 25 3 0 


030*71 

000526 


001*65 

001**3 

001*37 

001*53 

001*50 

000750 

001*5* 

001*60 

0007*5 

001*73 





CO**: HA* NORMAL 

— -TIM*! LOAD MODE — LI" L2— 

FHA LOADER C1**7W4» FMA TABLES 
-PROGRAM--- '-ADdRCSS- 
VONSTD OCOIOO 

SO»T IK 566 6 

SYSTEM 0CST0 7 

. . GET«3A . . CG7021 •.. . 

luPyTC 0CTa«.O 

KODER D0715S 

KRA<£R 010627 

OllT°TC E 1150 0 

Slot 011572 

.. . — UNSATISFIED-EXTERNALS— i— 


control oaoioa oiJ2oa tJilij 

TYPE ------ USER ♦♦ CALL-- — FNA LOAO--LHA LOAD— DC 'K oO'i*— U.NHM — 

033116 

—LABELED COHH3N-- 


SCOPE 2 005702 


REFERENCES 




TRANSIENT ACOUSTIC FIELD IN CYLINDRICAL DUCT 


HOMTE CARLO METHOD 


PRtAiSIGllEJ CONSTANTS IN DIMENSIONAL FORN1FPS SYSTEM) 


SOURCE STRENGTH FACTO? 00 * 1,OOOCE»00 SOURCE PERIOD TP « 2. 0900E-a3 PI * 3.1416E+00 

O'JCT RADIUS A « 7.5006*30 NAVE SPEEO C « l.I000E*C3 ELEMENTAL TINE INTERVAL TPLS * 5.OOOE-05 

CHARACTERISTIC HASS DENSITY OF THE MEDIUM OUST * 2.3780E-03 

SOURCE CARTESIAN COORDINATES XS<1*2,3> * 0. 5, 0. 

RECEIVER CARTESIAN COORDINATES XRtt.2,3) ■ 1.0000E+00 3.000flE*00 1.0300E+01 

OUiT MINIMI;** RADIUS AM I N s 7 • 500 DE * 00 DUCT LENGTH OCU « l»ZOiJ0E*B2 


variables In nonjihensional FORM 

OC « l.tc:a:t3DE*01 RSTR * 4.216370ZIE-Q1 TPSTR * 2.93333333E-31 

ZSTR a 1. ’T3T3T32r*CJ ZTPSTR * 1 .626656676*09 TPLSTR » 7, 33 J33333E-Q3 JSTRT - IRQ 

4:STR « 1.3C8353COE+03 X3MXSTR = 1.6OOOOO00E*01 A2STR * 0. DPHX*DPSI •’ ' T* 00 00 3 00 OE-12 

PAjIUS OF TMC TCST SPHCRC EPSLOri • 1. Q 00 0 00 0 OL -0 1 

PRESSURE NORMALIZATION FACTOR FNORM a -9. 33397524E-0 3 

NS » I NR a 5030 NR9 * 1 TOTAL NUMOER OF RUNS NRPT ■ 5 


PRESSURE VALUES IN THE NONOIKENSIONAL FORM SUMMARY OF THE MONTE CARLO CALCULATIONS <5 RUNS) 



RUN I 

RUN 2 

RUN 3 

RUN 4 

RUN 5 

... IRAN 

VALUE 22758845 . 

_ . 340 98429 . _ . 

. . 3765833 7 . . . 

256l2963„_... 

.3 3 7 3 j 1 1 

1 

-7.192S4O96E-04 

-6 .21 930565E- 04 

0. 

o* 

-3.34921942E-J4 

Z 

-2.255 3 5 362E- 03 

-1 .452316186-03 

-9.7827390BE-04 

-1.7386327 IE-03 

-1 .439 39228 t-C J 

3 

-1. 2584 7 894F-B3 

-S.88822759E-03 

-1.15413297E-03 

-1. 814775726-03 

-1.7b989494c-j3 

4 

. . . -1 . 58 "4 0 309E-03 . 

_ -J.18109434E-03 . 

. . 0. 

r 1.94 87025 1 E-0 3 

. -9.3J857s79£-34 

5 

-1.2755 62.92E-03 

-1.O6.276331E-03 

-3.615BS193E-03 

-1.19897270E-03 

-1. 745 34 145c- ;3 

6 

-1. 38178749E-03 

-3.01355043E-03 

-1.445I8435E-03 

-2.00593521E-04 


7 

-5. 5G44«331E-G4 

0 . 

-6. 72021418E-04 

-2.480D2273C-33 

-1.174947536- jJ 

8 

-1.1527 1511E- 03 

-1.51G09771E-03 

1.26127104E-04 

5.383C1881E-04 

-1.072335I6E-;J 

9 

-3. J 1 58 J 57 2£r 9 4 

6.2193 Q565E-04 

-6. 958654356-04 

-4.60 465875E-04 

-1 .138681 44 £-1. 3 

10 

-1. 3B71SD89E-34 

-5 . 050 22 05 8E-04 

.. 5.17 79 3275E-34 

. 4 . 763111696-05 . 

. -2. 626641L 8t> j5 

11 

3. C6T94004E-Q4 

-4.83515141E-04 

-1. 7 1 flt 30546-03 

2.817358516-04 

-2.58588B77E-.’3 

1Z 

1.7191 74196-03 

-2. 060324976-03 

1. 5572 3819E-03 

1.85389501 E-04 

0. 

13 

7. 5143 4 99 7E - 04 

6 . 5 0 84 3957E-Q4 

1. 220648386-03 

-3.396321J4E-03 

1.921 44bl6E“ J 3 

1* 

1.2231 A599E-0J 

1 . 2281 0 74 1 E“03 

2*001/35656-03 

2.8)B645a3E-Q4 

-8.93383b65c-j4 

IS 

0. 

7.957668346-04 

2*9996 354 3 E-0 3 

-5.46479570E-34 

. 1 . 1 70 12Cclt- :3 

IE 

. ... 3. . 

_ -1.72831925E-03 

-1.15451963E-03 

2.66397477E-03 

4.2M561U1E-33 

1 7 

-9.4693Q718E-Q4 

-8.4629809SE-04 

0. • 

1.122 83 081 E-0 3 


18 

2.75742 377E-0 3 

2.6C195217E-03 

3.53 04 8622E- 3 4 

1.9017348 JE-03 


1'9 

2.56I28A28E-03 

3.27939530E-03 

4. 754797216-03 

-9.707634506-04 

3. 441591936- Ji 

20 

C. 

-1.871803586-03 

2 . 59 96556 i£-0 5 



21 

3. 59775966E-04 

1.64G93833E-0J 

1.4C7? 5715E-04 

4. 16174109E-04 

1.3i JS«:ri£-;3 

... IZ 

. . 3.225S521SE-03 

3.871&1C43E-3J 

2. 97 76 991 3E-03 

3. 253212676-03 


23 

2. 151740296-03 

5. 99 68751 4£ -03 

1.717J3496E-03 

3. 31999728E-03 

6.17253: t :£-j-. 

24 

5. 33184446E-04 

3 . 36 56 2924c- Q 3 

4. 24194773E-04 

1.94870251E-03 

2. 53754655c - ,S 

25 

1 . 27555282E-93 

1.973C7783E-03 

3.615651906-03 

4. 06686395€-u3 


2** 

t.3 1 U78749E-Q3 

3 • 3 1 35504 3£-0 3 

1.63 662312E-Q 3 

3 . 86 73b643E-0 4 

1 .67066823“ -v4 

27 

S.9C,4b3T?lE-04 

1.560801416-03 

3.58028065E-54 

2.480022706-33 


28 

1.152715116-33 

2.556630186-0 3 

-6.4797 17016-05 

1. 32 44 3 l 0 1 E -0 3 

2.767’ 48S4C- ;j 



29 

3.315A3572E-D4 

”6. 1328471 7E -04 

7.38O21409E-O4 

3 C 

Q. 

9.CJ832097E-04 

-4. 1B026343E-04 

31 

6. 356216J7E-04 

1 .28058 7'IJC-0 J 

1 . Bma-j/Z'JE-OJ 

32 

-3.6470 6559E-04 

3.04249020E-03 

-I.S572J019E-O3 

33 

-7. 614C 493 7£- 04 

-4. 7183637 9E -04 

2.5241 J171E-04 

34 

1.64648460E-04 

-1.09925332E-03 

-2. 00173565E-03 

26 

0. 

9. 31532 J66E-04 

-2. 06429JB1E-03 

36 

Q. ' 

5.51229216E-03 

1.1545 1960E- 03 

37 

9, 4693 0 73 8E- 04 

3.38 C9 3 56 JE- 03 

0. 

33 

-2. 76742J77E-03 

-2.6O196217E-03 

7.1314 7D42E- 04 

39 

-1.65277995E-03 

-3. 279395306-03 

•1.97945954E-03 

40 

- 3. 

. 2.90 18594 5E-03. 

- . .-2. 599655606-03 

41 

3.5948 7229E- 04 

-1.219D0777E-03 

-1 .407057156-04 

42 

-9. 66699342E-04 

-2.41869224E-03 

-1.99961522E-03 

43 

-9. 0 5269351 E- 04 

-1.10647550E-04 

-5.63031 995E-04 

44 

9.42215641E-04 

-1.84735203E-04 

-4.24194773E-04 

45 

0. 

-9.10314519E-03 

0. 

... .. 4 6 

3. . 

..0 t 

_ ... -1.9173I770E-04 

6 r 

-1.155009146-03 

-1. 560801416-03 

-2. O0754843E-O J 

48 

0. 

-1.1565 q? 476-03 

-1.55235843E-03 

49 

0. 

-8.645847676-06 

-1.6892 7772E-03 

50 

0. 

-2.21300222E-03 

-9.976723276-05 

51 

-9.42215641E-04 

-7.97O71707E-O4 

-1.71856744E-04 

52 

- 1 . 3544 676 3E-03 

-1.6S852033E-03 

-2. 2302090 9E -04 

53 

0. 

-3.790075806-04 

-2. 32044433E-03 

54 

-1. 37503536E-03 

-1.2885349JE-04 

0. 

- 55 

0. 

-1.72B31925E-03 

2.230209096-04 


VARIANCE 

AND DEVIATION ANALYSIS 

TINE INDEX MEAN 

VARIANCE . 

DEVIATION 

1 

-3. 25223321E-04 

9.088 75603E-08 

3. 014756386-04 

2 

-1.575094146-01 

1.78991873E-07 

4.2307-.3HE-O4 

3 

-2.37709603E-03 

3.15199167E-06 

1.775384946-03 

4 

-1.52821086E-0J 

1.12076350E-06 

... 1. 05865133E-03 

5 

-1.7 794 1844F-03 

8 • 9661 0 34 tE- 0 7 

9. 463669176-04 

6 

-1. 336950 J8E-03 

9,19300 79 3E-07 

9.500059206-04 

7 

-9.B3091936E-34 

6.909994906-07 

8. 360618076-04 

6 

-6. lbl25979E-04 

6.3 7 91 10746- 0 7 

7. 906953546-04 

9 

-3.949365516-04 

3.26465760E-07 

5. 7311 J325E-04 

10 

-2. C9322144E-05 

1.08637924E-07 

3.296026766-04 

11 

-8.2386511 IE-04 

1.30J72C74E-06 

1. 141005916-03 

12 

2.8 D295332E-04 

1.85343628E-06 

l. 36139865E-03 

13 

2. 716443396-04 

3.52042881E-06 

1. 57094354E-O3 

14 

7. 692951546-04 

9.85403794E-07 

9. 926750736-04 

15 

8. 6402 4591E-04 

1 . 47 66 7 31 7E- 06 

1.Z1600706E-03 

16 

8. 2615 3466E-04 

5.3462094 3E-06 

2.31219715E-0J 

17 

4. 751273276-04 

2.204672396-06 

1.48 4013026-03 

IB 

1. 1 329 4994 E- 0 3 

3.115515956-06 

1.765032426-03 

19 

2.633253B6E-33 

3.71233355E-06 

1.92674169E-03 

20 

3.E8456436E-04 

2 . 1650 0 098E-05 

1. 47133423E-03 

21 

0. 1425 1316E-04 

4. 243967556-07 

6.51 457403E-04 

22 

3.47161611E-03 

. 1.64757174E-07 

4. 059029126-04 

23 

2.76J4017SE-03 

3.36765972E-06 

1.0351 18456-03 

24 

1 . 7 82 8 91-3 3 E-0 3 

1.25181979E-Q6 

1. 1100 4753E-0 3 

26 

2.6721 3 8 98 E- 0 3 

1 .06675B81E-06 

1. J3284017E-03 

26 

1.4371 9290E-03 

8.687912286-07 

9. 32J83710E-04 

27 

1.613? 431 SC-03 

1.1C359346E-06 

1.050520566-03 

26 

1.571? 33592-03 

1 .106937756-05 

1. 052111096-03 

29 

1. 129462136-03 

1.78313699E-06 

1.335341526-03 

3 G 

1. 16 75 4 34 9€~ 3 4 

1.85393499E-07 

4 • 3619 3.634 E — 0 4 

31 

1.4227 7B9dE-C 3 

1.69142U59E-05 

1. 30 0549346-03 

32 

5. 9255 1734E-04 

3 . 16795 089E-06 

1, 77907364E-C3 

33 

?. 725302576-04 

4. 47524 25 96-06 • 

2.1154 7692E-03 

34 

-2. 79B , 4?33E-94 

1 . 66 1 P 9980E- 56 

1.280836646-03 


1.966941266-03 

3.224051906 - :3 

-4.763U159E-Q5 

1,455 96 8(0;-G4 

-2.01735B51E-O4 

3.53 j J 

-1. 0536953 1E-0 4 ' 

2.527602072-^3 

4.26 491956E-03 

-1.92144616E-33 

-2.09B 64 50 36-04 

1 . 8 3q 3 Q 4tC 2 - J 3 

5.46479570E-04 

“1 .534246006- j4 

-2.863974776-03 

-2.O4079796C-G3 

-1.12260 C81E-03 

-2 .349333912- j3 

0. 

1.95b4C‘icBL- u J 

9. 707834506-04 

-1.35504259£-j3 

... 0. ... .. 

-8.5735 75i.DE- 35 

-4.161741006-04 

-9.7B65B -676-04 - 

-1.51457996E-03 

-2,591J22lbi-03 

-1.5052Z156E-03 

1 . 152 64 1 72 - 3 

0. 

-1.6d6607b7c- i ;3 

-2* 06 7 891 25 E -03 

-6.84546939E-04 

. ? 7 .861431226-34 . 

4. 7b6693vl£-u4 

0. 

-l.9J1947tCc.-JJ 

-1 .062702096-03 

-1 .69491328:.-- 3 

-1.017099426-03 

-2.11537u*.6E-CJ 

-3.707704256-05 

“1. 19330 39 1E-j4 

3.70 7704 25E-05 

-1.QC347504c.-jJ 

. 3. 10 624 G4 3E-0 4 

-2*527602 97 £-03 .. 

-0.68590216E-O4 

0. 

0. 

-4.2921O107E-C3 


0» . -2.48140251E-J3 


— (DEVIATION} _(HE! AM>- (QEyjflT I OM 


-3.374760276-05 -6 . 36690959£- j4 

-1.1520198 JE-03 -1 . 9 901o045£- J3 

-6.017J1097E-04 -4.152480976-03 

-4.69549539E-34 -2 . 506072 19£- j » 


-B.33271519C-04 

-2 • 7.0 J J 5 J6l- J 

-3.70144463E-OV 

-2.29575bot£-:3 

-1.474J01J8E-J4 

-1.819553886-03 

1.82567375E-04 

-l. 414819236-33. 

1.781 B2773E-04 

-9.683 55«7t>i-J^ 

. J. 006704616-34 

. -3 . 5u 5 34 09C £- T4 

3.019507946-04 

-1.9816falvJ£-j3 

1.64169403E-03 

-1. 00110 J27£-jJ 

2, 1505679 JE-03 

-1.60 72<m**t-u3 

1. 761970226-03 

-2.2337991C--04 

2.10003165E-03 

- J • 319 82469c.- u 4 

_ 3.15D34662E-33 

,.-1.474027b9£-:3 

1. 959941156-03 

-1. Ou9b0649£- 3J 

2. 090032366-03 

-6.32132-83E-J4 

4.559995566-33 

7 . 0t>5 1 2 1 7 JE -«4 


1. 839e4964E-QJ -l.i:29Jfl0J6-J* 

I. 4657Q041E-O3 1.627935 97? -Jh 

J . 87 7 51 90 26- 33 ... 3 . 06571 319C-;3 

4.5 9 852023 E- 33 9. 282 

2.90 1 73B83E-J3 6 . 640 4 3 7?b£- j., 

J. 705G2915E-0 J 1 .b3934B8lE- J3 

2. J69Z8261E-03 5 . 05 l C 31 51 £- : 4 

2.663763696-33 5 . 62 72 2 563 £- j 4 

2. 62334479 £-03 .. 5 . 191 226026- 04 

2.464fli)3o2E-03 -2 . 0587 94 C 3E- j 4 

5.619479336-34 -3.1<w39Z05£-:4 

2.72332H30E-03 1 . 22?29o2J£- ;■» 

2. 4 72 42 562E-03 -1 . 307322 16c- 0 3 

2.38800717E-03 - 1 . 8 4294btb£-0 3 

1. 039C3244E-03 - 1 . 5b06 7 j 64 £ - 3 3 
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35 -i. w9«.nur-o»* 

JS 3.50*6 7605E-06 

3? 1.711533SCE-06 

30 -5.3995 3B55E-06 

39 -1.559t 7579E-03 

50 5. 329J603SE-05 

51 -4.790276B6E-Q5 

5? “1. 89652195E-03 

53 -3. ■'533 5747f-06 

55 -Z. 5560 3451E-05 

55 -2. 5 31 1 1558E-03 

55 -1. 53242518E-04 

57 -1.35135132E-03 

58 -1.25331541E-0J 

59 -1.1Z5D7859E-03 

50 -4.93235377E-06 

51 -5.755C8535E-05 

52 -1. C9259756E-0 J 

53 -7.13510027E-05 

55 -1.15919815E-03 

55 -7.9734C170E-06 


1.06835158E-06 
8.7C0674S7t-06 
3 • 79216 144 E - 56 
3.55152C55E-06 

I. 90738C13E-06 
3.03539537E-Q5 
3.23733J02E-07 

J. 562G2551E-07 
7.9937s 94 7E-07 
6.71794778E-07 
1.1905579SE-05 
1 .6535111 5E- 07 
5.5G636602E-07 
6.5718 9866E-07 
6.58022075E-07 
7. 38655615 E- 07 
1.80 98311 3E-07 
1.D3693958E-06 
7 .57 Z75 030E-07 
2. 7221 526 5E- 06 
1. 2036 855 9E -06 


1.0336157JE-03 
2.95967369E-03 
1 . 95 735 7 28E-0 3 
1 • 86 05 893 0£- 03 
1.38 10 795 1E-0 3 
1.75223861E-03 
5.68975663E-D6 
5.9850 3251C-06 
8. 9507770 7£ -05 
8. 1963 J879E-06 
3.55055632E-03 
5.07861537E-05 
7.52058921E-06 
6. 68 72 2 56 3E- 06 
9.2629681QE-06 
8.59650066E-Q6 
6 . 25621 101E-06 
1.O1830230E-03 
8. 66 65 0710 E- 06 
1.66 9S9668E-03 
1.09685256E-03 


8.B5675518E-3S 
3.33 068 is9E-3 3 
2.11850762E-33 
1 • 32 052 55 6£-fl 3 
-7.80953795E-35 
1. 78553221 E-03 
8.995 7973BE-35 
-1. 298321 71E-3 3 
5. D7771960E-O5 
5.6S95O438E-06 
9.19329642E-J6 
. 3.076191V9E-05 

-5.99012395E-J6 
-5.86592851E-06 
**1.99783879 £-04 
3.66215688E-05 
•1.50087J33E-04 
“7 • 52952567E-05. 
1.508 50 683E-05 
6 . 90696533E-06 
2.99512367E-06 


•1.181557C 5i-j3 
-2.598866f 8 l- 33 
-1. 77b20t r >6£-’ J 
-Z.5C0 552l-.E-jJ 
-2. flsO 25519C- i 3 
-1 .598 955;it- JJ 
-1.3s8S03:-6c-J 3 
-2.595C2Z22E-33 
-1.28J39 Js!»c-: 3 
•1 • 07s Jl l«2t- 33 
-5. 9rfl562y9£- J 3 
-5.08ia5155E-C6 
-2 . 3fl3110t5E- 33 
-1.9220376dt-03 
-2.35237J5ut*J3 
-1.352o8555E-33 
-1. 000929536-^3 
.r2.iio»99o6E-:j 
-1 .57806 t7st“ 32 
•2. 80 90 928 2E-J3 
**1* 896192 71E-U3 
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Appendix 8 


CURVED BOUNDARY PROBLEM NORMAL 
MODE PROGRAMME 

This appendix gives in full details the 
results of the application of the Normal Mode solution 
technique (Chapter 9) to a curved boundary problem that 
is under investigation (ChapterlO). Included herein is 
a complete listing of the programme that was used in 
these calculations on the CDC 6400 of the Computing 
Center of the University of Virginia, 

In fact here there are two programmes. The 
first is just a pilot programme. A s its output it shows 
three tables. The first table gives the characteristic 
values KM( in Chapter 9 ), and the expansion coeffici- 

ents AM( qj in Chapter 9). These characteristic values 
were taken from Watson (.1962, p. 748), and the expansion 
coefficients were then calculated using E q . 48 of Chapter 9. 
The second table gives the Bessel functions of the first 
— , -V:- :■■■ '■ - 323 
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kind and the zeroth order for arguments ranging from O.to 
85 at a step of 0.1, these values were taken from McClain 
( 1962 ). The third table gives the different arguments that 
will enter in the evaluation of the integral given by Bq. 32 
(Chapter 9 ) when the source period is divided into 1|0 
subdivisions. Corresponding to these arguments, as required, 
the Bessel function values were obtained by using the 
method of linear interpolation in conjunction with the 
above tabulated values. 

The subsequent programme listing corresponds 
to the programme in which the approximate evaluation of 
the definite integral was carried out by means of the 
Chebyshev *s formula for n= 5. The printout results 
accompanying this listing correspond to the pressure values 
shown in Fig. 65* 



4 , 4,44444 ******** 44444444444 4 4444444 ** 4 * 444 * 4 * 444 44444444444444444444444 44444444444*44 


PROGRAM O'JCTNRHUNPUT, OUTPUT, TAPE5*lNPuT,TAPE6»OU?Pim 

000003 DIMENSION *S< J) ,XR(3l ,P (58 ! ,E <26 > , AH < 26 > , AUXt 10 > , BESL JO ( 8S1> , 

1ARGHNU8511 ,RGHHT (26,501 ,XI8(5D> ,INOXC50> 

000003 RSAO< 5,4021 DO , TP, PI , A ,C » < XR< I > , I»1 ,3) ,TPLS,(X$(I) ,I»i,3» 

QOOG37 RSTRsSQRTlXRU)**2*xHt2>**2>/A * ZSTR»XR(3)/A 8 TPSTR»C*TR/A 

000051 ZTP5TP S Z3TR*TP3TR $ T PLSTR*C • TPLS/A 1 JSTRT «ZSTR/ TPLSTR 

050057 JMAX=ZTPSTR/TPLSTR S TOPITP=2 . *PI/TPSTR I JHAXi«JMAX-JSTRT 

000066 WRITE ( 6 ,500 l CO , TP ,PI , A , C , TPLS , ( KS < X > ■ I» 1, 3 > , CXR <I> , I»i, 3> , QO ,RSTR, 

lTPSTRpZSTR»ZTPSTR,TPLSTR,JN#X,JSTRT 
C CALCULATION OF THE BESSEL-FOURIER SERIES COEFFICIENTS 

000162 . REAO{5,602MLPHA30,(E<H,I«1,26) t MRITEC6,S0Z» 

0 C n 1 6 2 Re«B<5,<tQ6M6N<H,I H M&) $ RE&Q 15 , 4BHH6ESI.JD < II 

060706 __ Wne<6,S03MI,etX>»AHititI-i l 26» J RfHrc<6,51fl> 8 BO 20 I*l»«Si 

000231 20 " " ARCHNf li)=.l*II-l.l S WRITE <6, 50 3»< I , ARGHNT ll) , BESLJO (II ,1*1 ,650 

050253 Z5TR2=ZSTR* *2 t WRITE<6 t 512> 

000260 XL r ZSTR J DO 22 J*1,JMAX1 $ XL«XL»TPLSTR 

000265 22, XIBI J)“SQRT (XL * *2“ ZST R2 J 8 00 26 N»l,26 8 EIG6H-EIMI 

000301 00 24 J*i, JHAX1 i RGMNT (H, J1 *EI GEN* XI B ( J) 

000311 26 CONTINUE S WRITE(6,514>H, EIGEN 

000322 26 WRITE (6,516 MJ.RSHNUN, J) , J*1 , JHAX1 I 8 WRITE<6,516) 

005347 DO 28 J=1,JNAX1 8 IMOX C Jl *IF IX( 10 . *RGMNT (1 , J» » *1 

000361 28 CONTINUE S WRITE (6,516 H INOX (J> , RGNNT <1 ,J> ,J*1 ,JMAXil 

C FORMATS 

050601 402 FORMAT (5E16. 81 

000401 606 FORMAT ( 8£ 10 • 3) 

000601' 500 FOR HAT ( 1 Hi , 30 X* TRANSIENT ACOUSTIC FIELD IN CYLINDRICAL 0UCT*3(/> 

137X-NORMAL NODE METHOD* 3 </) 10X *PRE ASSIGNED CONSTANTS IN DIMENSION* 
1L FORM (FPS SYSTEM) *//5K*SOURCE STRENGTH FACTOR CO * *£10.4,3X*SOUR 
2CE PERIOD TP = *E10 . 4 ,3X *PI * * E10. 4/5X*OUCT RAOIUS A « *Eia.4,3X 
3*MAVE SPEED C ■ *E10.4,3X*ELENENTAL TINE INTERVAL TPLS * *El9.4/ 
65X*S0URCE CARTESIAN COORDINATES XS(1,2,3> » •3(610,4,2X1/ 

55* *RECE I V£R CARTESIAN COORDINATES XR(1,2,3) * •3<€10.4, 2XJ /// 
610X*VARIAQLES IN NONDIME NSlONAL fORM*//5X*QO « *E16. B,2X *RST R * • 
2E16.a,2K*TPSTR = *E 16 . 8 / 5 X»ZSTR «*E16 . 8 ,2X*ZTPSTR «*E16.8,2X*TPLST 
6R = *E16»B,2X*JNAX- * *I6,2X*JSTRT « *I6///» 

000401 502 FORMAT (20X* CURVED BOUNDARY CIRCULAR DUCT*// 

110X-TA8LE 1 CHARACTERISTIC VALUES KM ANO EXPANSION COEFFS,_ AN*/ J_ 

000401 50 J : FORMaT(5x,4lI3,lK,El0.3,lx,E10.3,4X>l 

055401 510 FORMAT ( 1 B X* TABLE 2 BESSEL FUNCTION J0(X» (I , X , JO (X> »•/> 

005401 512 FORMAT! 10X* TABLE 3 VALUES OF ARGUMENTS FOR THE BESSEL FUNCTIONS J 

10 IN THE INTEGRAL FOR THE PRESSURE FIELD*//! 

000401 514 FORMAT <5X,8 (13, IX, E10. 3,1X11 

000401 5JL6_ FORMAT (lOX’PILOT INDEX FOR AR6UHENTS FOR H«l*_/» 

50040 1 STOP 

050403 END 




quctnrm 

PROGRAM LENGTH INCLUDING I/O SUFFERS 
013150 


JUNCTION 

STATEMENT 

assignments 

ASSIGNMENTS 








- 

60 2 

000423 

404 

- 

000625 

500 

• 

000627 

902 

m 

000538 

50 3 
516 

000566 

000602 

510 


0QQ553 

512 

. m 

000562 

516 

m 

008576 

■"BLOCK names' ANO LENGTHS ' 
VARIABLE ASSIGNMENTS 




... 


.... _ 

•- 



A 

007061 

AlPMAQO* 

007076 

AH 

• 

000756 

ARGMNT 


002563 

AUX 

001006 

BESLJO 

* 

001020 

C 

* 

007062 

£ 


000722 

tlGEN ~ 

007103 

I 

« 

007063 

INOX 

• 

006776 

J 


007101 

007102 

JM4X 

0 D 70 73 

JHAXl 

• 

007075 

JSTRT 


007072 

M 

• 

P 

000640 

PI 

♦ 

607060 

QO 

- 

007056 

RGHNT 

• 


RSTR 

007065 

TOPITP 

■* 

007076 

TP 

- 

007057 

TPLS 

_ 

007066 

TPLSTR - 

007071 

TPSTR 

• 

007067 

XI8 

- 

006712 

XL 

_ 

80710 0 

XR 

ZTPSTR - 

003635 

007070 

XS 

1 

000632 

ZSTR 


007066 

ZSTR2 

- 

007077 


START OF CONSTANTS 


000405 

START OF TEMPORARIES 
00061 1 

START OF I NO I RE CIS 
000630 


UNUSED COMPILER SPACE 
022600 



CORE MAR 16.36.01. 

— -TIhF- — 

NORMAL 
LOAD MODE 

"tl**LZ— • 

CONTROL 

--TYPE— 1 


000108 

820606 

800000 

000000 

FMA LOADER 
-PROGRAM-* 

051 .F 1.4 

— AODRF 

FMA TABLES 

853123 


•*— * FlH LOAD- 

-LMA LOAD- 

-BL nic Conn- 

-LENGTH— 

OUCTNRM 
SORT 
SYSTEM 
GET BA 
Input c 
kooer 
KRAMER 
OUTPTC 

sros 

"yu’xt jv 

000100 
01 3250 
013313 
01*. 425 
01*. 646 
016561 
016033 
017106 
017176 



--LABELED- --COMMON— 

SCORES 013313 






^-UNSATISFIED EKTERNALS — . REFERENCES 




TRANSIENT ACOUSTIC FIELD IN CYLINDRICAL DUCT 


NORMAL NODE METHOD 


PREASSIGNEO CONSTANTS IN DIMENSIONAL FORM (FPS SYSTEM! 


SOURCE STRENGTH FACTOR 00 ■ 1.00006*00 SOURCE PERIOD TP ■ 2.D0C9E-63 >1 a 3. 1416E+00 

WS^iI/eUKfS'n. x“suj:?f.%: , - 10 "“ E ’ 8 ?. Eie " E “'*i. ,I " E mE,m ms ■ 

RECEIVER CARTESIAN COORDINATES X&ll t Z,3) * 1.0800E+00 J.00CDE+DO 1.000OE+C1 


VARIABLES IN MONO IMENSIONAL FORM 
Q8 - l.OOOQQOQOE+Ofl RSTR » 4.216J7021E-#1 TPSTR » 2. 93333333E-0 1 

ZSTR « 1. 333333 JSE+08 ZTPSTR. 1 .&266&&67E* BO TPLStR. 7. 33 J33333E-Q3 UMAX ■ 2Z1 JSTRT » 181 


CURVED BOUNDARY CIRCULAR DUCT 
TABLE 1 CHARACTERISTIC VALUES KM ANO EXPANSION C0EFF5, AN 


i 

3.8326*00 3.7216-04 

2 

7.0166*00 -1.046E-04 

3 

1.017E*B1 

-1,3816-01 

5 

i.647E*0i 2.6356-85 

6 

1 * 962E*0 1 -2.6616-05 

7 

2.2 76E + Q 1 

-1.3886-01 

9 

2.9056*01 2. 099E-05 

10 

3 .2196*01 -3.437E-07 

11 

3.5336*01 

1.739E-05 


4.1626*01 1.226E-05 

14 

4.4766*01 -6.2636-06 

15 

4.7906*01 

1.009E-D6 

17 

5. LI 96*01 -2.304E-O6 

IB 

5.7336*01 -1.071E-05 

19 

6.047E+01 

2.2446-06 

21 

6.6756*01 4.856E-06 

22 

6 . 9906*01 4.ZS1E-06 

23 

7*3046+01 

6.4466-06 

g? 

_7.932E*8I 6.J54E-06 

25 

6.2466*01 -2.2456-06 





TABLE 2 BESSEL FUNCTION JO (X) (I.X.JOCXH 




t 

0. 1. OQOE+BB 

2 

i.OOOE-Ol 9.975E-01 

3 

2.O0OE-O1 

9. 90 06-01 

5 

6.0006-01 9.606E-01 

6 

5.050E-01 9.3356-01 

7 

6,8006-01 

9.1206-01 

9 

8.0006-01 8. <*636-01 

10 

9.U00E-01 6.075E-01 

11 

1.0006*00 

7.652E-D1 

13. 

.. 1.2006*00 6.7116-01 _ 

14 

1.3006*00 6. 201E-01 

_ 15 

1.400E+0 a 

5*6696-01 

17 

i . 6 0 OE * 0 D 4.554E-01 

16 

1.7006*00 3.980E-01 

19 

1.80 0E + O a 

3.4006-01 

21 

2.000E*00 2.239E-01 

22 

2.1006*08 1.6666-01 

23 

Z.2006+00 

1. 1046-01 

25 

2.40OE*O0 2. 5076-D3 

26 

2.5 006 *0 0 -6.838E-Q2 

27 

2.6006*0 0 

-9.6816-02 

29 

Z.80OE*aO -1.850E-01 

30 

2. 900E+00 -2.243E-01 

31 

3, 0QDE+00 

-2. 6016-01 

33 

3.2006*08 -3-2026-01 

34 

3.3006*00 -3.443E-01 

35 

J. 4006*00 

-3.643E-D1 

ZT 

3.6006*00 -3.9186-Dl 

36 

3 .7 00E *00 -3. 9926-01 

39 

3.8006+00 

-4.026E-01 

41 

6.0006*00 -J. 9716-01 

42 

4.1006*00 -3. 8876-01 

43 

4. 200E +3 0 

-3.7666-01 

*5 

L. 4006*00 -3.4236-01 

46 

4.5006*00 -3 . 2 05E-0 1 

47 

4.6006*00 

-2.961E-01 

49 

6.8006*00 -2.404E-01 

50 

6.9506*00 -2.0976-01 

5 1 

5.0006*00 

-1.7766-01 

53 

5. 20 OE* QQ -1. 1Q36-01 

54 

5.3006+00 -7.5806-02 

55 

5.4006*00 

-4.1216-02 

57 

5.6006*00 2.6976-02 

56 

5.700E*00 5.9926-02 

59 

5.8006*00 

9.1706-02 

61 

6.0006*00 1.5066-01 

62 

6.1006*08 1.773E-01 

63 

6.200E+00 

2.017E-B1 

65 

6.4006*00 2.4336-01 

66 

6.5006*00 2.6016-01 

67 

6.6006*00 

2.7406-01 

69 

6. 8006*00 2.91JL-01 

70 

6.9006*00 2. 9816-01 

71 

7,0006*00 

3.0816-01 

73 

7.2006*03 2.951E-01 

74 

7.3006*00 2.8626-01 

75 

7.400E+Q0 

Z.7866-Q1 


7.6006*00 2.516E-C1 

7B 

7.7006+00 2.346E-01 

79 

7 .8006+00 

2.1546-01 

81 

B.OOOE*QO 1.7176-01 

62 

8.1006*00 1.4756-01 

83 

8,2006*00 

1 > 222E-0 1 

85 

8.4006*00 6.9166-02 

85 

8.5006*06 4.1946-02 

87 

8.6006*00 

1.4626-02 

89 

8.8006*00 -J.9ZJE-D2 

90 

8.9006*08 -6.5256-02 

91 

9.0006*00 

-9.C33E-C2 

93 

9.2806*00 -1. 3676-01 

94 

9.3006*00 -1. 5776-fll 

95 

9.4006*00 

-1.7686-01 

97 

9.60DE*00 -2.0906-01 

98 

9. 7006+08 -2.2186-81 

99 

9.8006+0 0 

-2.3236-Cl 

101 

1.0006*01 -2.4596-01 

102 

1.0186*01 -2.4906-01 

103 

1,0206*01 

-2.4966-01 

105 

1.0406*01 -2.4346-01 

106 

1.6506*01 -2.366E-01 

107 

1.0606+91 

-2.2766-01 

109 

1.0806*01 -2. Q32E-01 

116 

1.0906*01 -1.8816-01 

111 

1,1006*01 

-1.712E-01 


4 

1.3326*01 -5.5566-05 

8 

2*5906+01 -5.3986-06 

12 

3.6476+01 -3.357E-06 

16 

5 • 1046*0 t -9.5606-06 

20 

6.3616+01 -6.0416-06 

24 

7.6186+01 

2.4636-06 

4 

3.0006-01 

9.776E-01 

8 

7.0Q0E-01 

8.8126-01 

12 

1.1006+00 

7.1966-01 

16 

1.5006*00 

5.1186-01 

20 

1.9006*00 

2.818E-01 

24 

2.3006*00 

5.5546-02 

28 

2.7006*00 -1.4246-01 

32 

3.1006*00 -2.9ZIE-01 

36 

3.5006*00 -3.8016-01 

40 

3.9006*00 -4.0 166- 01 

44 

4.3006+00 -3. 6106-01 

4B 

4.700 E+DO -2.6936-01 

52 

5.1006*00 -1.4436-01 

56 

5.5006*00 -6.843E-Q3 

60 

5.9006*00 

1.2206-01 

64 

6.300E+00 

2. 2386-01 

68 

6.7006*00 

2.851E-01 

72 

7.1006*00 

2.9916-01 

76 

7.5006*00 

2.6636-01 

80 

7.9006*00 

1.9446-01 

B4 

B.300 E + OQ 

9.601E-02 

88 

8.7006*00 - l . 2526- 02 

92 

9 .1006*00 -1.142E-01 

96 

9 .5006+0 0 -1.9396-01 

10 0 

9* 90 OE* 00 -2.4036-01 

104 

1 • 03QE+ 01 -2.4776-01 

10B 

1.Q70E+01 -2.1646-01 

112 

1.1106*01 -1 .5286-01 



fO 

CO 


113 

1.1206*01 -1.3306-01 

114 

1.1306*81 -1. 1216-01 

119 

1. 1406+0 1 -9.0216-02 

116 

1.1506*01 -6.755E-02 

nr 

1.1606+61 -4. 4626-02 

110 

1.1706*01 -2.133E-02 

119 

1.1806*01 

1,9676-03 

120 

1.1906*01 

2.5056-02 

121 

1.2006*01 

4. 769E-02 

122 

1.2106*01 

6. 967E-02 

123 

1.2206*01 

9.0776-02 

124 

1.2306*01 

1.1 J86-01 

125 

1.2406*01 

1.2966-01 

126 

1.2506*01 

1.469E-01 

127 

1.2606*01 

1 • 6266- Oi 

126 

1.2706*01 

1.7666-01 

129 

1.2806*01 

1, 8876-01 

130 

1.2906*01 

1. 9886-01 

131 

1.3006*91 

2.0696-01 

132 

1.3106*01 

2.1296-01 

133 

1.3206*01 

2. 1676-01 

134 

1.3306*01 

2.1836-01 

135 

1.3406*01 

2.1776-01 

136 

1. 3506+01 

2.1506-01 

137 

1.3606*01 

2 . 1016-01 

138 

1.3706*01 

2.0326-01 

139 

1.3806*01 

1 • 943E-01 

140 

1.3936*01 

1.8366-01 

141 

1.4006*01 

i. 7116-81 

14 2 

1.4106*01. 

1.5706-01 

14 3 

1.4206+01 

1.4146-01 

144 

1.4306*01 

1.2456-01 

145 

1.4406*01 

1.0656-01 

146 

1.4506*01 

0.754E-O2 

147 

1.4606+01 

6.7066-02 

140 

1.47QE+01 

4,7646-02 

149 

1.4006*01 

2.7086-02 

150 

1.4906*01 

6.3916-03 

151 

1. 5006*01 -1,4226-02 

152 

1.5106+01 -3 . 456E-0 2 

153 

1 .5206*01 -5.442E-02 

154 

1.5306*01 *7 « 361E-02 

155 

1.5406*01 -9.1946-02 

156 

1 ,5506+01 -1.0926-01 

1 57 

145606*01 -i. 2536-81 

158 

1 .5 78E + 01 

-1.4S1E-01 

159 

t. 5806*51 -1.5336-01 

166 

1.5906+01 M.6S0E-01 

161 

1.6006*81 -1. 7496-01 

162 

t. 6106*01 -1.0306-81 

163 

1.6206*01 -1. 8936-01 

164 

1. 6306*01 -1.9366-01 

t&5 

1.64CE+01 -1.9&0E-01 

166 

1.6506*01 -1.9646-01 

167 

1.6606+01 -1.948E-D1 

160 

1.6736*01 -1.9136-01 

169 

1.6606*01 -1.6606-01 

170 

1.6906*01 -1.7886-01 

171 

1.7006*01 -1. 6996-01 

172 

1.7106*01 -1. 593E-01 

173 

1.720£*01 -1.472E-01 

174 

1.7306*01 -t. 3376-01 

175 

1.7406*01 -1.1906-01 

176 

1.7506+01 -1.0316-01 

177 

1.7606*01 -8.6336-02 

178 

1.7706*01 -6.8786-02 

179 

1.7806*01 -5,0656-02 

160 

1.79OE+01 -3. 2116-02 

.101 

1.6006*81 -1.3366-02 , 

182 

1.8106*01 

5.4276-03 

189 

1 .6306+0 1 

2.4056*02 

164 

1.8306+01 

4,2346-02 

105 

1.8406*01 

6.010E-52 

186 

1 ■ 8506*01 

7.7166-02 

187 

1.8606*01 

9.3376* 02 

180 

i. 870E+Q1 

1. 086E-01 

139 

1.8806*01 

1.226E-01 

190 

1 • 0906*01 

1.3536-01 

191 

1.9006*01 

1.466E-01 

192 

1.9106+01 

1.S64E-01 

193 

1.9206*01 

1. 6466-01 

194 

1.9306*01 

1.7116-01 

195 

1.9406*01 

1.7596-01 

196 

1.9506+01 

1.7896-01 

197 

1. 9606+01 

1.8006-01 

190 

1.978E+01 

1.7946-01 

199 

1,9606+01 

1.7706-01 

200 

1.9906+01 

1*7296-31 

201 

2.0006+01 

1.6706-01 

203- 

2.010E+D1 

1 . 5956-01 

2C3 

2.0206*01 

1.505E-01 

204 

2.O3OE+01 

1.40CE-C4 

205 

2.0406*01 

1.2826-01 

206 

2.0506*01 

1 . 151E-01 

207 

2.0606*01 

1.0106-01 

200 

2.0706*01 

0.5876-02 

209 

2.080E+B1 

7. Q01E-Q2 

210 

2.090E+01 

5.3526-02 

211 

2.1006*01 

3. 6566-02 

212 

2.1106+01 

1.9356-02 

213 

2.1206*01 

2.8176-83 

214 

2.1306*01 -1.526E-02 

215 

2.1406*01 -3.2306-02 

216 

2.1506+81 -4.894E-02 

217 

2.1606*01 -6.5G2E-02 

210 

2.1706*01 -8.0376-02 

219 

2.1806*01 -9.4056-02 

220 

2.1906+01 -1.0036-01 

221 

2.2006*01 -1.2076-01 

222 

2.2106*01 -1.3176-01 

223 

2.2206*01 -l. 4146-01 

224 

2.230E+01 -1.4976-01 

225 

2.240E*01 -1.5646-01 

226 

2.2506*01 -1.6156-01 

227 

2. 2606+01 -1.6506-01 

228 

2.270E*01 -1.6696-01 

229 

2.2006*01 -1.6716-01 

230 

2. 29DE*01 -1.6566-01 

231 

2.3006*01 -1.6246-01 

232 

2.3106*01 -1.577E- 01 

233 

2.3206*01 -1.514E-01 

234 

2.3306*81 -1.4366-01 

235 

2.3406401 -1.3446-01 

236 

2.3506*01 -1.2396-01 

237 

2.3606*01 -1.1236-01 

238 

2.370E*81 -9.95ZE-C2 

239 

2.3606*01 -0.5846-02 

240 

2.3906*01 -7.1366-02 

291 

2.4006*01 -5.6236-02 

242 

2.410E+01 -4.0606-02 

243 

2.4206*01 -2.4646-02 

244 

2.4306*01 -0.49OE-O3 

245 

2.4406*01 

7.6756-03 

2 46 

2 • 450E *01 

2.370E-0Z 

24 7 

2.4606*01 

3.9426-02 

240 

2.4706*01 

5.460E-O2 

249 

2.460E+01 

6. 9346-02 

250 

2.49CE+01 

8.3256-02 

251 

2.500E*01 

9.62 7E-02 

252 

2. 510 E* 0.1 

1 • 0 8 3E- 01 

253 

2. 52DE*0l 

1.1926-01 

254 

2.53OE*01 

1.Z8BE-01 

255 

2.5406*01 

1.3716-01 

256 

2.5506+01 

1.441E-01 

257 

2.560E*01 

1.4956-01 

250 

2.5706*01 

1.535E-01 

259 

2.580E + 01- 

1 .559E-01 

25 0 

2.5906*01 

1.5676-01 

261 

2.6006*01 

1.5606-01 

262 

2.6106*01 

1.5376-01 

26 3 

2.6206*01 

1,4996-01 

264 

2.6306*01 

1.446E-0L 

265 

2.6406*01 

i. 3796-01 

266 

2.6506*01 

1 * 299E-01 

26 7 

2.6606*01 

1.206E-01 

260 

2.6706+01 

l.iaiE-oi 

26.9 

2.6806*01 

9.8526-02 

270- 

2 .6906 + 81 

8,6046-02 

271 

2.7006*01 

7.274E-02 

272 

2.7106+01 

5.877E-02 

273 

2.7206*01 

4.426E-92 

274 

2.7306*01 

2 .936E-02 

27 5 

2.7406*01 

1.423E-02 

276 

2.750E+01 -9.9236-04 

2 77 

2 .760-E + 01 -1.6156-02 

278 

2.7706*01 -3.109E-02 

279 

2.7 00E*0 1 -4.5676-02 

2B0 

2.7936+01 -5.973E-02 

281 

2.0006*01 -7.316E-02 

282 

2.0106*01 -0.5806-02 

283 

2.0206*81 -9.7556-02 

284 

2.830E+D1 -1.0036-01 

2 55 

2.0406*01 -1.1796-01 

28 6 

2.6506*01 -1.2636-01 

287 

2 • 86OE*0 1 -1.3346-01 

280 

2.87OE+01 -1.3926-01 

2 59 

2 . 88 0E*fl l -1.4356-01 

290 

2 • O 90E *0 1 -1.4&4E-01 

251 

2.900E*Qt -1.4786-01 

292 

2.9106+01 -1.470E-O1 

293 

2.920E»01 -i. 4636-01 

294 

2.9306*01 -1.4336-01 

295 

2.9406*01 -1.3896-01 

296 

2.950E+01 -1.3316-01 

2 97 

2.9606*01 -1.2616-01 

298 

2.9706*01 -1.1786-01 

299 

2.9806+01 -1-0836-01 

300 

2.9906 + 01* -9.7016-02 

301 

3.0006*01 -0.637E-O2 

302 

3.0106*01 -7.410E-02 

303 

3.0206+01 -6.H4E-02 

304 

3.030E+01 -4. 7606-02 

3 05 

3.0406*01 -3.3646-02 

306 

3.0506*01 -1.9J9E-02 

307 

3.0606*01 -4.991E-03 

30 0 

3.0706+01 

9.4116-03 

309 

3.0006*01 

2.3676-02 

310 

3.0906*01 

3.7656-02 

311 

3.1006*01 

5.1216-02 

312 

3.1106*01 

6.4216-02 

J11 

3.1206*31 

7. 653E-02 

314 

3.1306*61 

fl. 8056-02 

315 

3.1406*0* 

9.8656-02 

316 

3.1506*01 

1.0626-01 

317 

3.1606*01 

1. 1676-01 

316 

3.1706*01 

1.2406-01 

319 

3. 18 06*01 

1.3006-01 

320 

3.1936*01 

1.3476-01 

321 

3.2006+01 

1.3816-01 

322 

3.2106*01 

1.4006-01 

32 3 

3.2206*01 

1.4066-01 

324 

3.2306*01 

1.3986-01 

325 

3.24 0E *01 

1.375E-01 

326 

3 .2506+01 

1.339E-01 

32 7 

3.2606*01 

1.2906-01 

32 0 

3.2706+01 

1.220E-O1 

329 

3.2BCE*01 

1.154E-01 

330 

3.2906+01 

1.0686-01 

331 

3.3006*01 

9. 7 27E-02 

332 

3.3106+01 

8.67SE-02 

333 

3.3206*01 

7. 54 IE -02 

334 

3.330E+01 

6.334E-02 

335 

3.3406*01 

5.0606-02 

336 

3.3506+01 

3.7546-02 

337 

3.3606+01 

2. 4006-02 

338 

3.370E+D1 

1.0416-02 

339 

3.3806*01 -J. 3186-03 

340 

3.390E*01 -1.6976-02 

341 

3.400£*01 -3.0426-02 

342 

3.410E+81 -4.352E-02 

343 

3.4206*01 -5.6166-02 

344 

3.4306*01 -6. 0196-02 

345 

3.44 0£*01 -7.9516-02 

346 

3.450E+01 -9.800E-02 

347 

3.4606*01 -9. 9566-02 

348 

3.4706+01 -1 . 0816-01 

349 

3.4806*01 -1.1556-81 

350 

3.490E+01 -1.2186-01 

351 

3.500E*0l -1.2686-01 

352 

3.5106+01 -1.3066-01 

353 

3.5206*01 -1.3306-01 

354 

3.5306+01 -1. 341E-01 

355 

3.S40E+01 -1.339E-01 

356 

3.5506+01 -1.3236-01 

357 

3.5606*01 -1.2946 -81 

350 

3.570E+01 -1.253E-01 

359 

3.5606*01 -1.1996-01 

360 

3.5906+01 -1. 1336-01 

361 

3.6006*01 -l.OSSE-Bl 

362 

3.6106*01 -9. 603 E- 02 

363 

3.6206*01 -6.7166-02 

364 

3. 6306 + 01 -7.&&4E-02 

365 

3.6406*01 -6.5386-02 

366 

3.6506*01 -5.3506-02 

367 

.3.6606*01 -4.1136-02 

360 

3. 6706+ 01 -2 • 6 3 7E- 02 

369 

3.6806*01 -1.5376-02 

370 

3.6906*01 -2.2466-03 

371 

3.7086*01 

1. 0866-02 

372 

3.7106+01 

2.3636-02 

373 

3.7206*01 

3.652E-02 

374 

3.7 30E*Q 1 

4.0816-02 

375 

3.7406*01 

6.059E-02 

376 

3.7506*01 

7.1726-02 


329 



377 3.7606*01 8. 2116-02 

381 3.600E*01 1.19JE-01 

385 3.690E*0l 1.263E-01 

385 3. 6B0E * fl l 1.Z19E-01 

393 3.920E*01 9.645E-02 


901 

4.0006*01 7.367E-0J 

9 05 

9*09 OE *01 -9.205E-02 

901 

9.080E*01 -8.937E-02 

913 

9, 120E *0 l ? 1. 1 30E -01 

917 

9.1606*01 -1.236E-01 

921 

9.2D0E*0i -l, 1476-01 

925 

4.2406*01 -8.766E-02 

... 929 

4.2606*01 -4.7476-02 

933 

4.3206*01 2.53JE-05 

937 

4.3606*31 9.708E-02 

991 

«**00Et9& 8.631E-02 

999 

_j*.99fi£*91 , 1. 1165-01 

999 

4.4806*01 1.1926-01 

953 

9.520E*01 1.C79E-01 

957 

9.560E*01 7.978E-02 

961 

9.600E*0l 3.936E-02 

965 

9.690E*0l -6. 6356-03 

969 

6.6806*01 -5.1666-02 

973 

9.720E*m -0.7926-02 

97 7 

9.7606*01 -1.1Q1E-01 

981 

4.8006*01 . -1.197E -01 

985 

9.890E*0t -1.013E-01 

989 

9.88BE*01 -7.205E-02 

993 

.. 4,9206*01 -3. 172E-02 

997 

9. 960E* 0 1 1. 327E-02 

501 

5.000E*01 5. 551E-02 

505 

5.090£*01 8.929E-0Z 

509 

5.080E*01 1.089E-01 

513 

5. 1?0E*Q1 1.103E-01 

-517 

. 5. 160E*0l 9.4686-02 

521 

5.20 0E*0 1 6.9656-02 

525 

5 . 29 QE* 0 1 . 2.449E-02 

529 

5.280E+01 -1. 922E-02 

533 

S.320E*0l -5.958E-02 

537 

5. 360E*0 t -9. 026E-02 

S«.l 

S.9DQ£*01 -1.0656-01 

595 

5 . 990E*0,1 -1. 0596-01 

599 

5.980E*01 -8.863E-02 

553 

5.520E*0l -5.755E-02 

557 

5,560E*0t -1.763E-02 

5 61 

5.6Q0E*Q1 2.977E-02 

565 

5.69QE*0l 6.298E-02 

569 

5.680E*0t 9. 101E-02 

. _ 573 

5. 720E*0 1 1.095E-01 

577 

5.760E*01 1. 0156-01 

581 

5. 800E *01 8.252E-02 

585 

S.8<*0E*01 5.07 06-02 

589 

5.880E*01 1. 1 1 IE - 02 

59 J 

5. 920E+01 -2.995E-02 

597 

5.960E*01 -6.603E-02 

601 

6. 00 0E *01 -9. 1 97- -0? 

605 

6.090E*01 -1.0296-01 

6 09 

6 • 080E*0 1 -9.706E-02 

613 

6.1?0E*01 -7.662E-02 

617 

6.16CE*01 -9.9086-02 

621 :• 

6.200E*01 -9.910E-03 

625 

6.290E*0i 3.978E-02 

629 

6.2806*01 6. 8796-02 

633 

6.320E*01 9.167E-02 

637 

6.3606*01 1.000E-01 


378 

3.770E*01 

9.1866-02 

382 

3.810E»Q1 

1.197E-01 

386 

3.B50E*01 

1.2866-01 

390 

3 • 690E *0 1 

1.1726-01 

399 

3. 930E*01 

8.7596-02 

398 

3.9706*01 

9.9926-02 

902 

4. 01 56*01 -5.237E-0J 

906 

9.050E*01 -5.358E-02 

910 

9. 0906*01 -9. 309E-02 

919 

9.1306*01 -1.1756-01 

918 

9. 170E *01 -1 .2326-01 

922 

9.2106*01 -1.0966-01 

926 

9.2506*01 -7.0836-02 

930 

9 .290E*fll -3.5986-02 

939 

9.3306*01 

1.2136-02 

938 

9.3706*01 

5.7896-02 

992 

9 • 9 lOEtQ 1 

9.9136-0* 

996 

9*9906*01 

1.1536-01 

950 

9.990£*01 

1. 181E-01 

959 

9.5306*01 

1.0236-01 

958 

9.5706*01 

7.0606-02 

962 

9.6106*01 

2.8076-02 

966 

9.6506*01 -1 . 850E-02 

970 

9.6906*01 -6. 177E-02 

979 

9. 7306*01 -9.996E-02 

978 

9. 770E*0l -1.129E-01 

982 

9.810E*01 -1 • 1306-01 

986 

9.850E*01 -9.532E-02 

9 90 

4.8906*01 -6.2786-02 

999 

9,9306*01 -2. 0696-02 

998 

9.9706*01 

2.9916-02 

502 

5.0106*01 

6.5266-02 

506 

5.050E*61 

9.5526-02 

510 

5.0906*01 

1.1056-01 

519 

5.1306*01 

1.080E-01 

518 

5.1706*01 

8.8566-02 

522 

5.2106*01 

5.5316-02 

526 

5.250E*01 

1.3636-02 

530 

5.2906*01 -2.9596-02 

539 

5.3306*01 -6.8386*02 

538 

5.370E*01 -9.582E-02 

592 

5.9106*01 -1.060E-01 

596 

5.9506*01 -1.0316-01 

550 

5.9906*01 -8.1996-02 

559 

5.5306*01 -9.816E-02 

558 

5.570E*01 -6.999E-03 

562 

5.6106*01 

3.9976-02 

566 

5 • 650E* 0 1 

7.1196-02 

S70 

5.6906*01 

9.5876-02 

579 

5 • 7 30E *0 1 

1.0536-01 

578 

5.7706*01 

9.8166-02 

582 

5 . 81 OE *0 1 

7.5606-02 

586 

5.8501*01 

9 • 1296-02 

590 

5.8 9flE*01 

7.2606-09 


59<» 5.930E*fll -3.9656-02 

598 5.970E*0l *7.35/6-02 

b02 fc.0l0E*01 -9.565E-Q2 

606 6.0506*01 -1.0266-01 

610 6 • 0906*0 1 -9.326E-02 

6m 6. 13 HE *01 -6 .935 £-02 
618 6.1706*01 -3. 969E-02 

622 6 • 210E *G 1 5.215E-03 

626 6.2506*01 4.4096-02 

630 6.290E*01 7. 568 E- 02 

63** 6 .3306*0 1 9.522E-02 

638 6.3706*01 9.9646-02 


379 

3«780E*Q1 

1.0836-61 

383 

3.8206*01 

1 .2386-01 

387 

3.8606*01 

1 . 276E- 01 

391 

3.900E*01 

1 • 1 196-01 

395 

3.9906*01 

7.778E-02 

399 

3.9806*01 

3,2326-02 

903 

9.0206*01 -1.7766-02 

907 

9.0606*01 -6.955E-02 

911 

9.1006*01 -1.0076-01 

915 

9.1906*01 -t. 2086-01 

919 

9. 1806*01 -1 . 216E-01 

923 

9.2206*01 -1.0336-01 

927 

9.2606*01 -6.901E-02 

931 

9.3006*01 -2.9156-02 

935 

9.3906*01 

2.409E-Q2 

939 

9.3806*01 

6.8106-02 

993 

9.9206*0 1 

l.Bi0E-01 

99 7 

9.9606*01 

1.1776-01 

951 

9.5006*01 

1.1586-01 

955 

9.5906*01 

9.571E-02 

959 

9.5606*01 

6.0746-02 

963 

9.620E+Q1 

1.6526-02 

967 

9.6606*01 -2.991E-02 

971 

9.7006*01 -7.1256-02 

975 

4. 7906*01 -t .0106-01 

979 

4.7806*01 -1.1976-01 

983 

9.8206*01 -1.1026-01 

987 

4.8606*01 -8.8906-02 

991 

9. 90 06*01 -5.2906-02 

995 

4. 94DE*0 1 -9.3676-03 

999 

4.9806*01 

3.5296-02 

503 

5.0206*01 

7.9 096-02 

507 

5.0606*01 

1.008E-01 

511 

5. 1D0E*Q 1 

1.1166-01 

515 

5. 1406*01 

1.0976-01 

519 

5. 1806*01 

8 • 136E-02 

523 

5.2206*01 

9. 5496-02 

527 

5.2606*01 

2.6466-03 


531 5. 30 0E*Q 1 -4.024E-D2 

535 5. 3406*01 -7.6476-02 

539 5.3806*01 -1-0046-01 

5<i3 5. 42DE*01 “1. 0846-01 

597 5.4606*01 -9.923E-Q2 

551 5.5006*01 -7.4556-02 

555 5.5406*01 -J.B32E-C2 

559 5.580E*Q1 3.683E-03 

563 5.620E*01 4.480E-02 

567 5.660E+01 7.85BE-02 

571 5.700E*0i 9.976E-C2 

575 5.740E*01 1.051E-01 

579 S. 7806*01 9.3866-02 

583 5.8206*01 6. 7936-02 

587 5.860EO1 3.150E-02 

591 5 . 9 0 DE*Q 1 -9.6486-03 

595 5 , 9406*0 1 -9.9006-02 

599 5 < 980E+0 1 -8.0376-02 

603 6> 020 6*01. -9. 689E- 02 

607 6. 0 60E*0 1 -1.817E-B1 

611 6,1006*01 -8.8546-02 

615 6. 19 DE *D 1 -6.150E-02 

619 6.180E+01 -2.4966-02 

623 6,2206*01 1.527E-02 

627 6.2606*01 5.289E-02 

631 6,3006*01 8.186E-02 

635 6.3406*81 9.7816-02 

639 6.380E*01 9.826E-02 


38 0 

3.7906*01 

1. 0786-01 

384 

3.8306*01 

1.2676-01 

388 

3.8706*01 

1. 2596-01 

392 

3.9106*01 

1.0996-01 

3)6 

3.9506*01 

6.7276-02 

400 

3.9906*01 

1.9936-02 

404 

4.0306*01 

-3.0076-02 

408 

4.0706*01 

-7.9856-02 

412 

4.1106*01 

-1.0796-81 

416 

4. 15 06*01 

-1.228E-81 

420 

4.1906*01 

-1.1886-01 

424 

4.2306*01 

-9.6086-02 

428 

4.2706*01 

-5.8526-02 

432 

4.3106*01 

-1.2116-02 

436 

4.3506*01 

3.5786-02 

440 

4.3906*01 

7.7606-02 

444 

4. 4306*01 

1.O60C-01 

44 9 

4.4706*01 

1.1906-01 

45 2 

4.5106*01 

1.1296-01 

456 

4.5506*01 

8.8186-02 

460 

4.5906*81 

5.0296-02 

469 

4.6306*01 

4.8286-03 

468 

4.6706*01 

-9. 10 CE- 02 

472 

4.7106*01 

-8. 0006-02 

476 

4.7506*01 

-1.0616-01 

480 

4.7906*01 

-1.1536-01 

484 

4.8306*01 

-1.0636-01 

468 

4.870E+01 

-8.0626-02 

492 

4.9106*01 

-4.2516-02 

496 

4.9506*01 

1.9726-03 

500 

4.9906*01 

4.579E-02 

504 

5.0306*01 

8. 2066-02 

508 

5.0706*01 

1.0516-01 

512 

5.1106*01 

1.1156-01 

516 

5.1506*01 

1.0036-01 

52 0 

5.1906*01 

7.3J7E-02 

529 

5.2306*01 

3.5136-02 

528 

5.2706*01 

-8.390E-03 


532 5.310E*01 -5.017E-02 

536 5.3506*01 -8.3796-02 

5** 8 5 • 39fl£* 01 -1 . 84 QE- 01 

544 5.4306*01 -1.0776-01 

598 5.970E* 01 -9.4406-02 

552 5.510E*01 -6.6J7E-02 

556 5.550£*0t -2.810E-02 

560 S.590E*01 1.4316-02 

569 5.630E*01 5.4176-02 

568 5.670£*0l 8.523E-02 

572 5.710E*01 1.027E-01 

576 5. 750E* 01 i. 0386-01 

560 5.7906*01 8. 8636-02 

589 5. 830 E* 01 5.961E-02 

588 5.8706*01 2.190E-02 

592 5. 910E*fll -1.991E-02 

596 5.95QE*01 -5.781E-02 

600 5.9906*01 -8.6366-02 

609 6. Q30E* 01 -l.Ollt-01 

608 6. 070£*0i -9-9896-02 

612 6.110E*01 • 6.299E- 02 

616 6*150E*0l -5.J06E-02 

620 6.19D£*Q1 -1.5006-02 

629 6.23C£*01 2.5166-02 

628 6.2706*01 6.11CE-02 

632 6.310E*0l B.720E-02 

636 6.3506*01 9.942E-02 

690 6.3906*01 9.590E-02 


U1 
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641 fc.400£*0t 9.259E-02 642 6.4106*01 8.636E-02 643 

645 6,440E»01 7.063E-02 646 6.4506*01 6.324E-02 64? 

64<> 6. 460E *01 J.768E-02 658 6.4906*01 2. 8326-02 651 

653 6.520E*0l -9.917E-04 654 6.530£«01 -1,0846-02 655 

l_j 6.560E*01 -3.927E-02 658 6.5706*01 -4,8066-02 659 

6.6006*01 -7.114E-0Z 662 6.6106*31 -7.748E-02 663 

665 6.640E*01 -9.1616-02 666 6.6506*01 -9.453E-0Z 667 

669 6.680E*Q1 -9.755E-02 670 6.6906*01 -9.660E-02 671 

673 6.720E*O1 -0.6Q9E-O2 674 6.7JQE*01 -8.34SE-02 675 

677 6.7606*01 -6.4B2E-02 676 6.7706*01 -5.725E-02 679 

661 6.0OQE*O1 -3.149E-0Z 662 6.0106*01 -2.Z16E-02 653 

**5 6. B4QE*0l 6.606E-03 6B6 6.0506*01 1.6176-02 697 

689 6 . 6BQE ♦ 0 1 4.344E-02 690 6.6906*01 5.175E-02 691 

693 6 » 920E *0 1 7.322E-02 694 6.9306*01 7.69BE-02 695 

697 6.960E *01 9.130E-02 698 6.9706*01 9.362E-0Z 699 

701 7 . Q 0 OE *0 1 9.491E-02 702 7.010E*01 9.344E-C2 703 

705 7 . C 4 OE *0 1 6.355E-02 706 7.05QE*01 7.655E-02 707 

?.Q9.. 7.0806*31 5.9116-02 710 7.0906*01 5.137E-02 711 

713 7.120E+01 2.549E-02 714* 7.1306*01 1.6Z6E-02 715 

717 7 • 160E*01 -1. 195E-02 716 7.1706*01 -2.1216-02 719 

721 7 ,200E*01 -4. 7296-02 722 7.2106*01 -5.5136-02 723 

725 7.240E*0i -7.500E-0Z ,726 7.250E*01 -6.019E-02 727 

729 7. 260£*01 -9.075E-02 730 7.2905*01 -9.2436-02 »31 

733 7 • 3?0E*01 -9.212E-02 734 7.330E*01 -9.015E-02 735 

737 7 . 380 E *0 1 -7.898E-02 738 7,370E*01 -7.363E-02 739 

741 7.4006*01 -5.348E-02 742 7.410E*01 -4.5616-02 743 

745 7.440E*01 -1.969E-02 746 7.450E*01 -1.0566-02 747 

749 7.4606*01 1.702E-02 750 7.490E*0t 2.597E-D2 751 

753 7 .5206*01 5.085E-02 754 7.530E*01 5.021E-02 755 

757 7. 560E*01 7.649E-02 758 7. 570€*01 6.112E-02 759 

761 7.6006*01 8.996E-02 762 7.610E»01 9.113E-02 ' 763 

765 7.640E*01 8.919E-02 766 7.650E*01 8.6746-02 767 

769 7.6806*01 7.4386-02 770 7.6906*01 6.8726 -02 771 

773 7.7206*01 4.793E-02 774 7.730E*01 3.997E-02 7 75 

777 7.760E*0l 1.407E-02 778 7.770E*01 5.0696-03 779 

_781 7.15006*01 -2.182E-02 782 7.610E*01 -3.045E-02 783 

785 7.0406*01 -5.4106-02 786 7.85QE*01 -6.0996-02 787 

769 7.Ba06*01 -7.7706-02 790 7.890E+01 -8.177E-02 791 

793 7.920E *01 -0.8946-02 794 7.930E*01 -8.957E-02 795 

797 7 .9606*0 1 -8.6116-02 798 7.9706*01 -8.322E-02 799 

801 8.0006*01 -6.974E-02 602 8.0106*01 -6.380E-02 803 

®Q5 . 6.0406*01 -4.247E-02 606 6.0506*01 -3.443E-02 607 

809 8.0806*01 -8.646E-03 810 6. 0906*01 2. 169E-04 ' 811 

813 8.1206*01 2. 6376-02 814 6.130E*01 3.4666-02 815 

817 8. 160E*01 5. 707E-Q2 818 8.1706*01 6.347E-02 819 

821 8. 200E+01 7 . 8626-02 822 6.210E*01 8.215E-02 823 

825 8.2406*01 8.769E-02 826 8.250E*01 8.780E-02 827 

8?9 8.2006*01 8.2906-02 830 «.290E*01 7.9596-02 831 

833 8. 3206*01 6.5O8E-02 634 8.3306*01 5.889E-02 835 

637 8.3606*01 3.710E-02 636 8.3706*01 2.9016-02 839 

841 8. 40 OE *0 1 3.402E-D3 842 ».410E*01 -5.296E-03 843 

845 8.4406*01 -3. 0676-02 646 6.4506*01 -3.861E-02 847 

849 8.460E*0l -5.975E-02 850 6.490E*01 -6.568E-02 651 

_TABL6 3 VALUES OF ARGUMENTS FOR THE BESSEL FUNCTIONS JO 


1 

1 

3.8326*00 

5.3666-01 

2 

7. 5996-01 

3 

9.319E-01 

4 

1. 0766*00 

9 

1.627E*00 

10 

1. 7186*00 

It 

1. 604E*00 

12 

1.8676*00 

17 

2.2606*00 

18 

2.3296*00 

19 

2.3966*00 

20 

2.4616*00 

25 

2.770E*00 

26 

2. 626E* 00 

27 

2*6666*00 

28 

2.9426*00 

33 

3.2156*00 

34 

3.2 676* QO 

35 

3.3196*00 

36 

3.3706*00 

2 

1 

7.0166*00 

9.3246-01 

2 

1.3916*00 

3 

1.7066*00 

4 

1.9736*00 

9 

2. 979E*00 

10 

3.1456*00 

11 

3. 303E* 80 

12 

3.4546*00 

17 

4.139E*0D 

18 

4.2646*00 

19 

4.3876*00 

20 

4.5076*00 


6.4206*01 

8.3256-82 

644 

6*4306*01 

7.7326-02 

6.4606*01 

5.5236-02 

646 

6.4706*01 

4.6886-02 

6 • 5 00E *0 1 

1.9696-02 

652 

6.5106*01 

8.8856-03 

6.5406*01 -2.0576-02 

656 

6.5506*01 -3.0086-02 

6.5006*01 -5.6356-02 

660 

6.5906*01 -6.4076-02 

6.6206*01 -8.3056-02 

664 

6. 6306*01 -8.777E-0 2 

6. 660E *0 1 -9.6516-02 

666 



6.7006*01 -9.470E-Q2 

672 

6.7106*01 -9.1656-02 

6.7456*01 -7.7996-02 

676 

6.7506*01 -7.176E-02 

6. 78 0£*01 -4.9116-02 

680 

6.7906*01 -4.0496-02 

6.8206*01 -1.2676-02 

684 

6. 0306*01 -3.036E-0J 

6.8606*01 

2. 5566-02 

666 

6.8706*01 

3.4686-02 

6.9006*01 

5.9546-02 

692 

6.9106*01 

6.6726-02 

6.9406*01 

8 . 395E-02 

696 

6.9506*01 

8.8076-02 

6.9806*01 

9.5006-02 

700 

6.9906*01 

9.543E-02 

7.0206*01 

9. 1046-02 

704 

7. 030E*01 

8.7736-02 

7.0606*01 

7.2766-02 

708 

7. 0706*01 

6. 626E-02 

7.100E*0i 

4.3146-02 

712 

7.1106*01 

3.446E-02 

7. 140E*0 1 

6.885E-03 

716 

7.1506*01 -2.549E-03 

7.1806*01 -3. 025E-02 

720 

7. 1906*01 -3.8976-02 

7.2206*01 -6.241E-02 

724 

7.2306*01 -6.9066-02 

7.2606*01 -8.4576-02 

728 

7.2706*01 -B. 8106-02 

7.3006*01 -9.329E-02 

732 

7.31G£*01 -9.3176-02 

7.34DE*01 -8.7286-02 

736 

7.3506*01 — 8. 355E-02 

7.3806*01 -6.7566-02 

740 

7.3906*01 -6.0626-02 

7.4206*01 -3.7306-02 

744 

7.4306*01 -2.863E-02 

7.4606*01 -1.339E-03 

748 

7.4706*01 

7.8846-83 

7.5006*01 

3.4646-02 

752 

7 . 5 IDE* 01 

4.297E-02 

7. 540E*0 1 

6.4986-02 

756 

7.5506*01 

7.110E-QZ 

7.5806*01 

6.493E-02 

760 

7.5906*01 

8.7886-02 

7 . 62 OE *0 1 

9.1396-02 

764 

7.6306*01 

9.0746-02 

7.6606*01 

8.3436-02 

768 

7.6706*01 

7.93C6-02 

7 • 700E*Q1 

6. 2366-02 

772 

7.7106*01 

5.543E-02 

7.740E*01 

3. 161E-Q2 

776 

7.7506*01 

2. 2956-02 

7.7806*01 -3.9776-03 

700 

7.7906*01 -1.2976-02 

7.8206*01 -3.8766-02 

784 

7.0306*01 -4.667E-02 

7.8606*01 -6. 72 56-02 

788 

7.6706*01 -7.2846-02 

7.9006*01 -6.5026-02 

792 

7.9106*01 -6.7416-02 

7.9406*01 -8.9306-02 

796 

7 . 95 OE* 0 1 -6.8156-02 

7.9806*01 -7.950E-C2 

80 0 

7.9906*01 -7.4996-02 

8.0206*01 -5.7236-02 

804 

8.0306*01 -5.0106-02 

8 . 06 0E*01 -2.6066-82 

80 8 

8.0706*01 -1.7436-02 

8.1006*01 

9.0666-03 

012 

8.1106*01 

1.7616-02 

8.1406*01 

4.259E-02 

816 

6.1506*01 

5.0066-02 

6. 1806*01 

6.9246-02 

820 

8. 1906*01 

7.4116-02 

8.2206*01 

8.4656-02 

824 

8.2306*01 

8.6716-02 

8.2606*01 

6.7 03E-02 

828 

8.2706*01. 8.5396-02 

8.300E*01 

7.5496-02 

832 

8.3106*01 

7.D64E-02 

6.3406*01 

5.2116-02 

836 

8.3506*01 

4.4026-02 

6.3606*01 

2.0646-02 

840 

8.3906*01 

1.2006-02 

8.4206*01 -1.3936-82 

844 

8. 43 0£*01 -2.2426-02 

6.4606*01 -4.6156-02 

846 

8.4706*01 -5.3226-02 


8.50OE+O1 -7.094E-02 

IN THE INTEGRAL FOR THE PRESSURE FIELD 


5 1.2066*00 6 1.3?3E*0D 7 1.4316*00 6 1.5326*01 

13 1.966E*00 14 2.0436*00 15 2.1166*00 16 2.1906*00 

21 2.5256*00 22 2,58SE*O0 23 2.650£*00 24 2.710E*00 

29 2.9986*00 30 3.0546*00 31 3.1D6E*00 32 3.162E*00 

37 3.421£*00 38 3.4716*00 39 3.521E*00 40 3.5706*00 *”* 

5 2»209E*00 6 2.4236*00 7 2.6216*00 8 2.6C5E*00 

13 3.6006*00 14 3.741E*0B 15 3.877E*00 16 4.01OE*0l 

21 4.6246*00 22 4.739E*00 23 4.6526*00 24 4.9626*00 



29 

5.0716*00 

28 

33 

5.886E*CQ 

34 

3 

1.0176*01 


L 

1.425E*0O 

2 

9 

4.JZ1E*00 

10 

17 

__5.D01E.00 

18 

25 

7.354E + 0C, 

26 

33 

0.5356*00 

36 

4 

1. 3326*01 


1 

1.066E+OO 

2 

9 

S.558E+00 

10 

17 

... 7. 06GE + Q 0 

18 

25 

9.631E*QQ 

26 

33 

1.1186*01 

34 

5 

1.6476*01 


1 

2 .3 Q6E* 0 0 

2 

9 

6.995E*B0 

10 

_ 1Z- 

,_9. 7166*00 

IB 

25 

1.1916*31 

2 8 

33 

1. 3826*01 

34 

6 

1.962E+01 


1 

2.7476*00 

2 

9 

8.331E+00 

10 

17 

i-iirE.Qi 

18 

25 

1.4106*01 

26 

33 

1.6466*01 

36 

7 

2.27 5E *01 


1 

3.1076+00 

2 

9 

9.6666+00 

10 


1.3436+01 

18 

25 

1.6456*01 

26 

33 

1.9106+01 

34 

8 

2.5906+01 


t 

3.6276+00 

2 

9 

1 . 100E * 01 

10 

17 

1 . 5266+01 

IS 

25 

1. 8726. 01 

26 

33 

2.1 736+01 

36 

9 

2.9056+01 


t 

4.0606+00 

2 

9 

1.2346*01 

10 

_17 

1. 713E.01 

18 

25 

2.1006*01 

26 

33 

2.4 376+01 

34 

13 

3. 219E*D1 


1 

4.5006+00 

2 

9 

1.3576*01 

10 

17 

1.8996*01' 

18 

25 

2. 3276*01 

26 

33 

2. 701E+01 

36 

11 

3.5336*01 


1 

4. 94 86*00 

2 

9 

1.5016*01 

10 

17 

2. 0846*01 

IB 

25 

2.5546*01 

26 

33 

2.954E*01 

36 

12 

3.8576*01 


1 

5. 398E* 30 

2 

9 

1.8346*01 

ID 

17 

2.2706*31 

10 

25 

2.7816*01 

26 

33 

3.2286*01 

36 

13 

«*.152E*ai 


1 

5.82«E*00 

2 

9 

1.767E+Q1 

10 

17 

2.4556*01 

18 


5.-1766 ♦ 90 
5.9826+00 

2.Q17E+00 
4.560E+00 
6. 1836+00 
7 • 5096+00 
0.675E+OO 

2. 642E *00 
5.972E+00 

0. 0986+00 
9.834E+ao 
1.1366+01 

3.266E+00 
7 • 38 JE *-0 0 

1. boie+oi 

1. 216E * 0 1 
1. 4D4E+01 

3» 8906*00 
«. 793E + BO 
1. 1926+01 
1 * 4486+01 
1 • 67 JE + 01 

4. 514E+0O 
1. 0206+01 
1.30J6+O1 
1.680E+01 
1.9416+01 

5,137E+0fl 
1. 161E+01 
1. 574E+01 
1. 9126 + 01 
2. 2096+01 

5.7606+00 
1. 3026*01 
1. 7656+01 
Z. 1446*01 
2. 477E ♦ 01 

6. 3036+00 
1.4436+01 
1. 9566 » 01 
2. 376E + 01 

2.7456+01 

7.0 076 *00 
1.5846+01 
Z.1486+D1 
2. 6086*01 
3.013E+01 

7,6306*00 
1.7256*01 
2.3396*01 
2. 8406*01 
3.2B1£*D1 

8. 253E * 00 
1.066E+O1 
2.529E+01 


27 

5. 2046 + 60 

20 

*.3076+80 

29 

5*4906+00 

30 

5.5916+00 

31 

5.690E+00 

32 

5.7896*00 

35 

6.0776*00 

36 

6. 17 IE +00 

37 

6*2646+00 

J6 

6.3566+00 

39 

6.447E+00 

40 

6.5376+80 

3 

2 .4746*00 

4 

2. 0616+00 

5 

3.2036+00 

6 

3.51JE+QQ 

7 

3. 00 06*0 0 

0 

4.0606+00 

11 

4.7096*09 

12 

5.8096+08 

13 

5.22BE+00 

14 

5.42SE+0Q 

15 

5.6226+00 

16 

5.0156+00 

19 

6.3616+00 

20 

6.S35E+00 

21 

6.705E+Q0 

22 

6.0726+00 

23 

7.0356+00 

24 

7.1966*00 

27 

7.6626+00 

26 

7.0136+00 

29 

7.9616+00 

30 

8.107E+00 

31 

8.2526*00 

32 

B.3946+00 

35 

8* 612E + O0 

36 

0.949E+0O 

37 

9.083E+00 

30 

9.2176+00 

39 

9.349E+00 

48 

9. 460C + CO 

3 

3.2406+00 

4 

3. 747E + 00 

S 

4.1956+00 

6 

4.6016+00 

7 

4.9776+00 

6 

5.3206+00 

11 

6.2726+00 

12 

6. 5606+00 

13 

6.8376+00 

14 

7.1046+00 

15 

7 . 3636 + DO 

16 

7.6156+00 

19 

8.331E+O0 

20 

0.5596*00 

21 

0.7616+00 

22 

9.0006+09 

23 

9.2146+00 

24 

9.4246+00 

27 

1. 0036+01 

20 

1. 0236 + 01 

29 

i. 0436+01 

30 

1.0626+01 

31 

1.0816*01 

32 

1.0996+01 

35 

1.1566+01 

36 

1.1726+01 

37 

1.1906*01 

30 

1.207E+01 

39 

1.2246+01 

40 

1.2426+81 

3 

4. 0066+00 

4 

4.6326+80 

5 

5. 1866+00 

6 

5.6686+00 

7 

6.1526+00 

0 

6.5866 + 00 " 

11 

7. 7546+00 

12 

0.1O9E+OO 

13 

8.452E+00 

14 

0.7826+00 

15 

9.1036*00 

16 

9.4146+00 

19 

1 • 03QE + 01 

20 

1.0586+01 

21 

1.0866+01 

22 

1.1136+01 

23 

1.1396+01 

24 

1.1656+91 

27 

1.240E+01 

28 

1.2656+01 

29 

1.2896+01 

30 

1.3136+01 

31 

1.3366+01 

32 

1.359E+01 

35 

1.6276+81 

36 

1.4496+01 

37 

1.4716+01 

30 

1.4926+01 

39 

1.5146*01 

40 

1.5356+01 

3 

4.7716+00 

4 

5.5166+00 

$ 

6.1766+00 

6 

6. 7746+00 

7 

7.3276+00 

• 

7.0446+00 

11 

9.2346+90 

12 

9.6506+00 

13 

1. 0076+01 

14 

1. 0466+01 

15 

1.0046+01 

16 

1. 1216+01 

19 

1.2276+01 

20 

1.2606+01 

21 

t .2936+01 

22 

1. 3256+01 

23 

1. 3576+01 

24 

1.3876+01 

27 

1. 4776+ 01 

20 

1*5066+01 

29 

1.535E+01 

30 

1.563E+DI 

31 

1.5916+01 

32 

1.619E+0 1 

35 

1. 699E* 0 1 

36 

1.7256+01 

37 

i. 7516+01 

39 

1.777E+01 

39 

1.0036+01 

40 

1. 02 BE* 01 

3 

5.5356*00 

4 

6.4016+00 

9 

7.1666+00 

6 

7* 6606+00 

7 

0.5026+00 

0 

9.1016+00 

11 

1.0716+01 

12 

1.1216+01 

13 

1.160E+D1 

14 

1,2146*01 

15 

1.258E+01 

16 

1. 301E+01 

19 

1.4236*01 

20 

.1.4626+01 

21 

1.5006*01 

22 

1.5376+01 

23 

1.574E+01 

24 

1.6106+01 

27 

1.7146*01 

20 

1.7496+01 

29 

1.7816+01 

30 

1.8146*01 

31 

1.84 66 +01 

32 

1.678E+01 

35 

1.9726+01 

36 

2.0026+01 

37 

2.0326+01 

39 

2.0626+01 

39 

2.0926+01 

40 

2.1216+01 

3 

6.380E+Q0 

4 

7.2056+00 

5 

0. 155E+C0 

6 

0. 9466 + 00 

7 

9.676E+0D 

0 

1.0366+01 

11 

1.219E+01 

12 

1.275E+01 

13 

1.329E+01 

14 

1.3616+ 01 

15 

1. 4326+01 

16 

1. <*806 + 01 

19 

1 .620E+Q1 

20 

1.6646+01 

21 

1 . 707E+01 

22 

1. 7506+01 

23 

1.7916+01 

24 

1.032E+O1 

27 

1.9516*01 

20 

1.9896+01 

29 

2.0276+01 

30 

2. 0b46*01 

31 

2.1016+01 

32 

2. 1376+01 

35 

2. 2446+01 

36 

2.2706+01 

37 

2.3136+01 

30 

2.3476+01 

39 

2.360E+01 

40 

2.4146+01 

3 

7. O64E+08 

4 

0.1686+00 

5 

9il45E+00 

6 

1.0036+01 

7 

1. 0856*01 

6 

1.16 IE +01 

11 

1.367E+01 

12 

1.4306+01 

13 

1. 4916+ 01 

14 

1.5496*01 

15 

1.6056+01 

16 

1.6606+01 

19 

1.8166+01 

20 

1.8666+01 

21 

1.9146*01 

22 

1. 9626+01 

23 

2.009E+01 

24 

2.0556+01 

27 

2.1806+01 

20 

2.2316+01 

29 

2.273E+01 

30 

2.3156+01 

31 

2.356E+01 

32 

2. 3976+01 

35 

2. 5166+01 

36 

2.5556+01 

37 

2. 593E + 01 

38 

2.632E+01 

39 

2.6696+01 

40 

2.7076+01 

3 

7.029E + O0 

4 

9.0526 + 00 . 

5 

1. 0136 + 01 

6 

1, 1126+01 

7 

1. 2026+01 

0 

1.2076+01 

11 

1.515E+01 

12 

1. 585E+ 0 1 

13 

L.652E+01 

14 

1.7166+01 

15 

1 • 779E * 01 " 

16 

1.840E+01 

19 

2.0136*01 

20 

2.06BE+D1 

21 

2.1226*01 

22 

2.1746+01 

23 

2. 22b£*Q 1 

24 

2.2776+01 

27 

2.424E+01 

28 

2.4726+01 

29 

2.519E+01 

30 

2.5656+01 

31 

2.6116+01 

32 

2.6566+01 

35 

2. 788E+01 

36 

2.0316+01 

37 

2.5746*01 

30 

2. 916E+C1 

39 

2.9586+01 

40 

2.9996+01 

3 

0.5936+00 

4 

9.9366+00 

5 

1.1126+01 

6 

1.2206*01 

7 

1.3206+01 

0 

1.4136+01 

11 

1.663E+D1 

12 

1.7406+01 

13 

1. 613E + 01 

14 

1. 8646 + 01 

15 

1.953E+D1 

16 

2.0196+01 

19 

2.2D9E+91 

20 

2.2706+01 

21 

2.3296+01 

22 

2.387E+01 

23 

2.443E+01 

24 

2.4996+01 

27 

2.661E+01 

26 

2.7136+01 

29 

2.7656+01 

30 

2.8166+01 

31 

2. 8666+01 

32 

2.9156+01 

35 

3.0516+01 

36 

3. 1086 + 01 

37 

3.155E+01 

36 

3.201E+01 

39 

3.247E+01 

40 

3.2926+01 

3 

9.3576+08 

4 ' 

1.0826+01 

5 

1 . 2116+01 

6 

1 . 329E+01 

7 

1.4376+01 

8 

1.5386+01 

11 

1.B11E+01 

12 

1.8946+01 

13 

1.974E+01 

14 

2.0526+01 

15 

2.1266+01 

16 

2.1996*01 

19 

2.6Q66+01 

28 

2.4716+01 

21 

2.536E+01 

22 

2.S99E+Q1 

23 

2.6616+01 

24 

2.7216+01 

27 

2.898E+81 

28 

2.9556+01 

29 

3.0116+01 

30 

3.0666+01 

31 

3.1216+01 

32 

3.1 756+61 

35 

3. 3336+01 

36 

3.384E+01 

37 

3. 4356 + 31 

30 

3.SB6E+01 

39 

3.5366+01 

40 

3. 5856+01 

3 

1.B126+01 

4 

1.1706+01 

5 

1.3106+01 

6 

1.4376+01 

7 

1.55SE+01 

a 

1.664E+G1 

11 

1.9596+81 

12 

2.049E+D1 

13 

2.1366+01 

14 

2.2196+01 

15 

2.390E+01 

16 

2.3796+81 

19 

2.602E+01 

20 

2. 6736+01 

21 

2. 743E+81 

22 

2.0116+81 

23 

2.876E+01 

24 

2.9446+01 



25 

3 . 0006*01 

26 

3.0726*01 

33 

J. 4926*81 

34 

3. 549E * 01 

14 

4.47t>E*0i 



1 

6.268E+00 

2 

S . S 76E *0 0 

9 

l .9 Q 1 E *0 1 

to 

2.006E+01 

tr 

?• 64 CE ♦ Q l 

18 

2. 72 0£ ♦ 01 

25 

3*23 5E *01 

26 
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